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OPENING PROBLEM

Pamela’s students claim that since an irrational number
cannot be written as a fraction, it cannot be placed on a
number line.

To demonstrate that an irrational length can be represented,
and therefore placed on a number line, Pamela draws this
figure.
Things to think about:
a Find:
i the area of the large square
ii the total area of the blue triangles.

b Using your answers to a, find the area of the red square.

¢ Hence explain why the side length of the red square is v/5 units.
d What is the perimeter of the red square?

Al RADICALS

In Chapter 1 we encountered values such as V3, /5, and V/8. These numbers are known as radicals.

A radical is a number that is written using the radical sign v/ .

Radicals occur frequently in mathematics, often as solutions to equations involving squared terms. We
will see a typical example of this in Chapter S when we study Pythagoras’ theorem.

SQUARE ROOTS

The square root of a, written /a, is the positive solution of the equation z? = a.

\/a is the positive number which obeys the rule /a x \/a = a.

For example, V2xV2=2 V3x+v3=3, VAx+4=4, andso on.

We know that the square of any real number is non-negative. This means that:

Va is real only if a > 0.

HIGHER ROOTS

In this course we will concentrate mainly on square roots, but it is important to understand that other
radicals exist. For example:

The cube root of a, written ¢/a, satisfies the rule (¥/a)’ = a.

If a>0 then ¥a > 0.
If a<0 then ¥a<0.

We can define higher roots in a similar way.
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RATIONAL AND IRRATIONAL RADICALS

In Chapter 2 we saw that the set of real numbers R can be divided into the set of rational numbers Q,
and the set of irrational numbers Q’.

Remember that:

An irrational number is a real number which cannot be written in the form B, where p and g are
q

integers, q # 0.

Radical numbers may be rational or irrational. An irrational radical is called a surd.

Examples of rational radicals include: e ———.

_9_2 can be written as a perfect square,

then the radical is rational.
i § -3
4 -1

Two examples of surds are V2~ 1.414214
and /3~ 1.732051.

HISTORICAL NOTE

When the Golden Age of the Greeks was past, the writings of the Greeks were preserved, translated
into Arabic and extended by Arabic mathematicians in the regions currently known as Iraq and Iran
and also in Moslem Spain. The word surd came about because of an error in translation.

The Greek word alogos meaning ‘irrational’, or ‘without reason’, was translated as the Arabic word
asamm which means ‘irrational’, but also means ‘deaf’. Thus rational and irrational numbers were
called ‘audible’ and ‘inaudible’ numbers respectively by the Arabic mathematician Al-Khwarizmi,
from Persia, around 825 AD.

This later led to the Arabic word asamm meaning ‘deaf” or ‘dumb’ for
irrational numbers being translated into Latin as surdus meaning ‘deaf” or
‘mute’. The European mathematician, Gherardo of Cremona (c. 1150),
adopted the word surd.

The origin of the root symbol +/  is not clear. Some sources suggest
that the symbol was first used by Arabic mathematicians. It is believed that
the modern square root symbol developed from the letter r which is the first
letter in the Latin word radix, meaning ‘root’, from which we get the word
radical.

SIMPLIFYING RADICALS

In previous years we have established that:

° \/_X\/— vaxb fora>0, b>0
° ﬁ: a for a >0, b >0
Vb Vb
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| Example 1|
Simplify:
2
2 1
a (v5) o (%)
a (V5)? b (%)
= V5 x5 11
=5 =7 X 7
| Example 2|
Simplify:
a (2v5)3 b —2v5x3V5
a (2v5)° b —2V5x3V5
=2v5 x 25 x 2/5 =—-2x3xV5x5
=2x2x2xvV5xvV5x5 =—-6x5
=8x5x%x 5 =—-30
= 40v/5
EXERCISE 4A
1 Simplify:
a (V7)? b (V13)? ¢ (V15)? d (v24)?
e (W2 ‘(WD s (V3P v (%
. Y . 2\’ 3\ 7\ 2
S RECS NC) B
2 Simplify:
3
a (V2)° b (75 ¢ (%)
3 Simplify:
a 4/3x3 b 3v2x+v2 ¢ V5 x6V5
d 3v2x4/2 e —2V3x5V3 f 35 x (—2v5)
3 —2v2x(-3V2) h (3v2)? i (3v2)3
i (4v3)? k (4v3)° I (2v2)*
m /5 x (3v/5)? n —2v/3 x (5v/3)? o (2v2)% x (=7V2)
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=) Self Tutor

Write in simplest form: [With practice you ShOUld]
t need the middle steps.
a Vix\3 b 2v5 x 3v3 no nee\\eml e steps
a  V3xV2 b 2v5x3V2
=3 x2 =2x3xv5x2
— \/6 = 6 X \/m 'd.
=610
4 Simplify:
a V2x+5 b V3 xV7 ¢ V3 x+V11
d V7xV7 e V3x2/3 f 2v2 x (—/5)
g 3vV/3x2V2 h 2v/3x3V5 i V2xv3x6
i V3 xV2x2V2 k —3v2x (v/2) I (3v2)? x (vV3)?
| Example 4 | «) Self Tutor
o V32 V12
lify: Z b Y=
Simplify a N D
Y b VE
V2 2v3
:\/3_22 =1/ {using ﬁ:\/g}
NG b
- \/E 1
-4 =3zVv4
=1x2
=1
5 Simplify:
a @ b ﬁ C @ d ﬁ
V2 V38 V2 V18
. VT [ B g VI ) VT
V5 V20 V3 V3
P V3 i V50 K 2v6 NG
V30 V2 V24 V3
6 Simplify:
a /= b /& ¢ /3% d /207
7 a Prove that \/avb=+/ab for all positive numbers a and b.

Hint: Consider (\/avb)? and (vab)2.

b Prove that va \/% for a >0 and b > 0.

Vb
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8 als V9+V16=+9+16? Is 25—16=25—16?
b Are a++vVb=+va+b and a—+vb=+/a—b possible laws for radicals?

NN SIMPLEST RADICAL FORM

A radical is in simplest form when the number under the
radical sign is the smallest possible integer.

|_Example 5|

Write +/28 in simplest radical form.

4 is the largest perfect
square factor of 28.

V28
=4 x7
= V4 x V7
=0/7T

EXERCISE 4B

1 Write in simplest radical form:

a 24 b 50 ¢ 54 d 40

e V56 f V63 g V52 h V44

i V60 i V9 k /96 I /68

m 175 n 162 o 128 ] 700
2  Write in simplest radical form:

a /3 b /1 ¢ /i d /B

3 Write in simplest radical form a + by/n where a, b€ Q, n € Z:

4++/8 b 6 — /12 c 4++/20 d 8 — /32
2 2 4 4
12+ 72 f 18 + V27 g 14 — /60 h 5 — /200
6 6 8 10

(S]] [T ADDING AND SUBTRACTING RADICALS

We can add and subtract ‘like’ radicals in the same way as we do ‘like’ terms in algebra.
For example:

e justas 3a+ 2a = 5a, 3\/§+2\/§=5\/§

e justas 6b—4b=2b, 63 —4v3=2V3.
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Example 6 *))) Self Tutor We write the whole
Simplify: number first, then the
radical. So, we write
a 3v2-4v2 b 5vV3+2v5—v3+7/5 4/3 10t /34,
a 3v2 —4v2 b '/‘like’ radicals\
=-1v2 5v3+2v5 — V3+7v5
= _\/5 \‘like’ radicalsj
=4v/3+9V5
EXERCISE 4C
1 Simplify:
a 3V2+7V2 b 11v/3-8V3 ¢ 6v5—-7V5
d —/10+2V10 e V6+7v6—3V6 f 9v15 — 415 — 1115
2 Simplify:
a 5V2—-V3+v2-3 b 4V7+5V6+3V7—2V6
¢ 910 — 5v5 + 8V5 — /10 d 11/3-8/13+/13 - 133
e VT+5V11+9V7 — 47 f —6y/14 — 314 — 2/6 + 10/14
g 144617 —8V/17—3 h —8—15+7/15—13
 Example 7 | ) Self Tutor
Simplify: VT VT 7 = v7 {LCD = 6}
2 3 2 3
_ V7x3 n VT x 2
T 2x3 3x2
3T 2T
= "6
_3VT+2VT
a 6
5T
6
3 Simplify:
R b Y6 _ V6 ¢ V3L V3
3 4 2 7 6 8
211 8VI1 V10 /10 @ V10 52 7V2
5 5 ¢ St Tt ! V2+ ST -
4 Show that:
a V2045 =+45 b 147 — V75 = V12

5 Answer the Opening Problem on page 64.
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The rules for expanding expressions containing radicals are identical to those for ordinary algebra.

.ATIONS INVOLVING RADICALS

a(b+c) =ab+ ac

(a +b)(c+ d) = ac+ ad + bec + bd
(a +b)? = a® + 2ab + b?

(a +b)(a — b) = a® — b?

With practice you should
Expand and simplify: not need all of the steps.]
a V2(v2+V3) b V3(6-2v3)
a  V2(vV2+V3) b V3(6-2V3) \
=vV2xv2 +V2x3 =3 x 6+v3 x (—2V3)
=246 =6vV3—-6 ¢
EXERCISE 4D

1 Expand and simplify:

a V2(V6+V2) b v2(3-2) ¢ V3(V3+1)
d V3(1-v3) e VI(T-VT) f V5(2—+/5)
g VII(2VI1-1) h V6(1-2V6) i V3(V3+v2-1)
i 2v3(v3-5) k 2V5(3 - V/5) I 3v5(2v5+12)
Expand and simplify:
a —v2(vV2+3) b —v3(7-2V3)
a —V2(vV2+3) b —V3(7T-2V3)
=—V2xV2 + —vV2x3 =—V3x 7+ V3 x (-2V3)
=-2-3V2 =-TV3+6
2 Expand and simplify:
a —/2(3-2) b —V2(vV2+V3) ¢ —V2(4—/2)
d —v3(1+3) e —V3(V3+2) f —V5(2+5)
g —(vV2+3) h —V5(v5—4) i —(3-7)
i V112 - V1I) k —(vV3-V7) I —2v2(1-+?2)
m —3v3(5 - V3) n —7V2(v2+V6) o (-v2?’B-v2)
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) Self Tutor

Expand and simplify: (3 — v/2)(4 + 2v/2)

(3—V2)(4+2V2)
=12+ 3% 22+ (—V2) x 4+ (—v2) x 2v/2 {FOIL rule}
=124 6v2—4v2 -4

=8+2v2
3 Expand and simplify:
a (1+v2)(2++v?2) b (2+V3)(2+V3) ¢ (V3+2)(V3-1)
d (4-v2)(3+2) e (1+3)(1-3) f (5+V7)(2-V7)
g (vV5+2)(V5-3) h (2v2+v3)(V2-V3) i (4-v2)(3-2)
|_Example 11
Expand and simplify:
a (vV3+2)? b (vV3—V7)?
a (V3 +2)? b (V3 —VT7)?
= (V3)? + 2xv3x2 + 2 = (V3)? + 2xVBx (=VT) + (-V7)
=3+4v3+4 =3-2V21+7
=7+4V3 =10 -2v21
4 Expand and simplify:
a (1++2)? b (2-+3)? ¢ (V3+2)?
d (1+V5)? e (VZ-v3)? (522
g (vV2+V7)? h (4-6) i (V6-v2)?
i (VB+2v2)? k (vV5-2v2)? I (6++/8)?
m (5v2—1)? n (3-2v2) o (1+3v2)?
5 Use the binomial expansion for (a + b)? to write the following in simplest radical form:
a 3+V7)° b (V3-V2)?
|_Example 12 |
Expand and simplify:
a (3+ \/5) (3 - \/5) b (2\/§ - 5)(2‘/‘0—’ +5) [Did you notice that theseJ
. 3+ \/5) 3 \/5) . (2\/5 ) (2\/5 ) answ\e&s are integers?
=32_(\/§)2 =(2\/§)2_52
=0 =2 =(4x3)—25
=7 =12-25

=—13
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6 Expand and simplify:

a (4+V3)(4—3) b (5-v2)(5+V2) ¢ (V5-2)(V5+2)
d (V7T+4)(/7-4) e (3v2+2)(3v2-2) f(2v5-1)2V5+1)
g (5-3V3)(5+3V3) h (2-4v2)(2+4v?2) i (14+5V7)(1—5VT)

7 Expand and simplify:
a (VB+v2)(V3-VD) b (VT+VID(VT- VD) (VE ~ VI(/G + VE)
d 3vV2+V3)(BvV2-v3) e (BV3+VT)(3V3-VT) f(2v5 —3v2)(3v2 +2V5)

"3 DIVISION BY RADICALS

When an expression involves division by a radical, we can write the expression with an integer
denominator which does not contain radicals.

(o)

If the denominator contains a simple radical such as y/a then we use the rule +/a x \/a = a.

. 6
For example, consider —.

V3
Since % =1, we can multiply % by % without changing its value.

6 _6 V3

V3 V3 V3 This process is A
_ 6x3 called “ratiqnalising o/ =)
 V3x43 the denominator”. &‘
= %g {since va x \/a=a} AN
—2V3

) Self Tutor

Express with integer denominator:
a L b 1_0 c i
V3 V5 2V2
a l b 2 c 1_0
V3 V5 2v/2
— xS _ D o _10 V2
V3 V3 VB V6 2v2 V2
_ 1 _ 105 _ 102
3 5 4
=25 _ a2
2

Now suppose the denominator has the form a + by/c.

The radical conjugate of a + by/c is a — by/c.
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The product of the radical conjugates is  (a + by/c)(a — by/c) = a® — (by/c)?
=a? — b’
which does not involve a radical.

a —by/c
a—byec’

So, given a denominator of the form a + by/c, we multiply the fraction by

) Self Tutor

EXERCISE 4E

1 Express with integer denominator:

1 2 4 V3 V7
= b = 2 d ¥ A
RV NG % NG ¢ 3
V3 V3 V3 V3 43
1 3 15 V3 125
k — I — - ~° 22
5 75 " 7 " ° 2
] @ q L r 2_\/5 [ i t 1
V2 2V/3 V3 2v5 (V2)3
2 Express with integer denominator:
1 1 1 V2
b — — d Y= _
P30 213 R 513
o V3 f 5 g = 5 h 3—2V7
34+3 2-—3v2 3+2V5 2437
3 Write in the form a + bv/2 where a, b € Q:
5 4 b D c 1—+2 d V2-2
2—-12 1+2 142 3-V2
1 1
e 2 ¢ g — b b
1 1

1 S .

Express ey with integer denominator. We are really multiplying
by one, which does not
change the value of the

1 _ 1 3—5V2 original expression.
3+5v2 3+5v2) \3-5V2
3—5v2 . 2 2
= usin a+b)(a—b)=a"—b
oy uwing (@t b)a-b) )
_ 3-5V2
9 —50
_ 5v/2-3
4
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V3 1-2V3
1-v3 1++3

Write in simplest form.

_V3+3 1-v3-2/3+6

v3_ _1-2v3 _ ([ V3 1+v3) _ (1-2v3
1-v3  1+v3 \1-v3/\1+3 1+V3

1-3
1-+3

1-3 1-3
_ V343 7-3V3
g —2
_ V3+3-7+3V3
B 9
_ —4+4V38
>
-4 43
Ry
=2-2V3
4  Write in simplest form:
a LEVZ 1-42 p 2tVh V6 4-v3 28
1-v2  1+V2 2-v5 245 3-2v2 3+2/2

5 a Suppose a and b are positive integers. Show that (v/a + v/b)(y/a — v/b) is also an integer.

b Write with an integer denominator:

L i 25
VT+V2 V5 -2
6 Write gf;g in the form a + bv/2 where a, b € Q.
7 If i—izp find v/6 in terms of p
v3a vz ’
8 If z=+/5—1+/3, find 22 and hence show that 2% — 1622 + 4 = 0.
You have just shown that one solution of z* — 1622 +4 =0 is z =
1 [(1+vB) [(1=vBY"
9 Suppose u, = 7 <T> ( 5 ) ] . Evaluate wu, for

V3 +2V13
V3 - V13

V5 — /3.

n=1,2,3,4,5, and 6.

LIN EQUALITY oF suRDs

We have discussed how irrational radicals such as v/2, v/3, v/5, and /6 are also known as surds. In
this section we develop a theorem for the equality of surds which does not hold for rational radicals.

Following is the traditional proof by contradiction that /2 is an irrational number.
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Proof: Suppose /2 is rational.

Ji=P

where p and q are integers, ¢ # 0, and where all common factors
q

of p and ¢ have been cancelled.

2
Now 2=2

p {squaring both sides}
p2 _ 2q2
-, p? is even {as it has a factor of 2 and ¢ is an integer}
. pis even. e (1)
we can write p = 2k where k is some integer
o (2k)% =247
2¢° = 4k?

. q2 = 2k%* where k? is an integer.
g? is even and so ¢ is even ... (2)

From (1) and (2) we have a contradiction to our supposition, since if both p and ¢
are even then they share a common factor of 2.

the supposition is false, and hence /2 must be irrational.

An immediate consequence of v/2 being irrational is:

If a, b, ¢, and d are rational, and @+ bv/2 =c+dv/2, then a=c and b=d.

Proof: Suppose a, b, ¢, and d are rational. Assume that b # d.

So, a+bv/2=c+dVv2 gives
a—c=(d-bvV2 .. (1)
Z_Z =2 where the LHS exists as b # d.

However, this result is impossible as the LHS is rational and the RHS is irrational.

Thus the assumption is false, and so b = d.

using (1), a—c=0, and so a =c.

THEOREM FOR EQUALITY OF SURDS

Suppose VEk is irrational, and that a, b, ¢, and d are rational.
If a+bWVk=c+dVk then a=c and b=d.

We can easily show by counter-example that this theorem does not hold for rational radicals.

For example, 1-+4v4=3+3v4 but 1#3 and 4 # 3.
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Example 16

Solve for z and y given that they are rational:
a z+yvV2=5-6v2 b (z+yv2)3—V2) =-2V2
a Since v/2 is irrational, b (z+ y\/§)(3 — \/5) = _2/2
x=>5 and y = —6. W,
c. 2 = e—
T+ y\/_ 5=
_ (=22 )\ (3++V2
3-v2/\3+V2
_ —6v2-4
T 9-2
_ —4-6V2
T
——4-4v2
. . . . . 4 _
since v/2 is irrational, x = —= and y = —%.

Find rationals @ and b such that (a +2v/2)(3 — v/2) = 5 + bV/2.

(a+2v2)(3 —Vv2) =5+ bv/2
S 3a—aV2+6vV2—-4=5+bV2
o Ba—4)+(6—a)V2=5+b/2

. since V2 is irrational, 3a—4=5
. 3a=9
Loa=3

and 6—a=20b

and hence b=6—-3=3

EXERCISE 4F

1 Solve for x and y given that they are rational:

a x+y\/§=3+2\/§ b 15—4\/§:x+y\/§

¢ —z+y/2=11-32 d z4+yv/2=6

e z+y/2=-3/2 f 24+9y/2=0
2 Solve for x and y given that they are rational:

a (@+W2)2-V2) =142 b (@+yv2)(B+V2) =1

¢ (2-3V2)(z+yV2) =2 d (z+yv2)(3—V2)=—42
3 Find rationals a and b such that:

a (a+vV2)2-V2)=4-b/2 b (a+3v2)(3—v2)=6+bV2

¢ (a+bv2)? =33+20V2
11— 6+/2.

4 Find Hint: /2 is never negative.

(a+bv2)? =41 — 2412
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5 a Write \/11+4v6 in the form a2+ bv/3 where a, b € Q.
b Can /114446 be written in the form a + by/6 where a, b € Q? Explain your answer.

INVESTIGATION CONTINUED SQUARE ROOTS
X = \/2 + \/2 + \/2 +v2++/2+.... is an example of a continued square root.

Some continued square roots can be simplified to integers.

What to do:

1 Use your calculator to find, correct to 6 decimal places:

a V2 b V2+12 ¢ \V2+V2+2

d \/2+\/2+\/m e \/2+\/2+\/2+\/2+7\/§

2 Continue the process and hence predict the value of X.

[\)

3 Use algebra to find the value of X.
Hint: Find X? in terms of X.

4 Work your algebraic solution in 3 backwards to find a continued square root whose value is 3.

1 Simplify:
a (3v2)? b —2v3x4V3 ¢ 3vV2-8
d (V=27 e (5v3)° x (v3)* /5
2 Write in simplest radical form:
a /48 b /864
3 Simplify:
a 2/3+6v5-3V3—4/5 b o= VB
4 Expand and simplify:
a 2V3(4-V3) b (3-V7) < 2-V3)(2+V3)
d (3+2v5)(2-5) e (4—-v2)(3+2V2) f (V7+3V8)?

5 Express with integer denominator:
8 15 V3 5

a — b — < —— d
V2 V3 442

6 Write \/; in the form k+/7.

o
|
N

&
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10

Use the binomial expansion for (a + b)® to write (5+ 1/2)% in the form a + b\/2 where
a,bel.

Write in the form a + byv/3 where a, b € Q:

V3
a 21 p 2+HV3 _ 2V3
1— @ 2—-v3 2443
Write with integer denominator: M
V5 +2V7

Find z,y € Q suchthat (3+zv5)(v5 —y) = —13+ 5v/5.

REVIEW SET 4B

10

Simplify:
a 2/3x35 b (2V5)? ¢ 5V2—17/2
d —v2(2-2) e (V3)* f V3xv5x+V15

Write v/75 in simplest radical form.

Write in simplest radical form a + b\/n where a,be Q, n € Z:

3++v24 b 8 — /72
2 4

Expand and simplify:

a (5-v3)(5++3) b —(2—6)2
¢ 2v/3(v3-1)-23 d (2v2-5)(1—-+?2)
Express with integer denominator:
14 V2 V2 -5
. i ¢ Trav 459

Use the binomial expansion (a+b)* = a* + 4a%b + 6a2b? + 4ab® +b*  to write (v/2+4/3)*
in simplest radical form.

Write in the form a + bv/5 where a, b € Q:

1_1

5 b 3-v5 4 c 3—5
2\/5+% 3+v5 3—-6 3+5
Write in simplest form:
2-Vv2 _1+V2 b 2HV3  —2V8
1+v2 1—-+2 1+2v3 1-2V3
Write 3vZ+1 in the form a\/I;+C\/E.

3v2 -1
Find p, ¢ € Q such that (p+3v7)(5+ qv/7) = 9v/7 —53.
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OPENING PROBLEM

Sven has challenged Jill to a swimming race in
a lake. Both swimmers will swim from A to B,
but each needs to touch a buoy along the way.
Sven thinks he is a very good swimmer, so he
will swim to buoy C on his way to B. Jill will
swim to buoy D, as shown.

Things to think about:

a How far will Sven swim?

b How far will Jill swim?
¢ How much further will Sven swim than Jill?

PYTHAGORAS' THEOREM

A right angled triangle is a triangle which has a right angle
as one of its angles.

o
The side opposite the right angle is called the hypotenuse, \\QQ&

and is the longest side of the triangle.
The other two sides are called the legs of the triangle. r\

Around 500 BC, the Greek mathematician Pythagoras k
discovered a rule which connects the lengths of the sides of
right angled triangles.

legs

PYTHAGORAS’ THEOREM

In a right angled triangle with G:A%A'A(EEEY
c hypotenuse ¢ and legs a and b,

a
2 =a%+b%.

RESEARCH

The Persian mathematician Al-Nayrizi (865 - 922 AD)
came from Nayriz, Iran. Around 900 AD, he used the
tiling arrangement shown to prove Pythagoras’ theorem.

Research the method of five-piece dissection he used for
his proof.




