EXERCISES [MAA 5.21] FURTHER AREAS AND VOLUMES

SOLUTIONS

O. Practice questions
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Using integration by parts
(i) j In xdx:j 1In xdx = xIn x—j ldx=xInx—-x+c

(ii) I(Inx)zdx=x(lnx)2—2J‘ Inxdx:x(lnx)2—2xlnx+2x+c

A= Inxdx=[xInx=x] =(e-e)—(0-1) =1

A= nlj. (Inx)?dx = an_X(In x)? —2xIn x+2x1°= [(e—2e+2e)—(0—-0+2)]n

1 1

=(e-2)m

n

A= J‘;(cosx—sin dx =[sin x+cos x]%
= |(ﬁsin % 4 cos E?— (sin0+cos0) = _ -1
L 4 4 ‘/E
A= f#cosxdx+ #sinxdx =[sin x]+ —[cos x]*

1 S

o

5 x [sin 2x |4
V = n_[“ (cos2 X —sin’ x)dx = nj“cos 2xdx = |
: )

0
nf . m . ) =@
_Zfsm z—smo |—2
\ )

T T

V = n.[“ cos® xdx + “_LZ sin xdx
0 T
4

Area A= xh Volume V =En reh Volume V =En reh
2 * 3 Y3

A B V = Ligirg 256 v Lige,g_ 128

2 x 3 3 y 3 3

Area Abusing Area Abusing Volume VOITTe

b
A = ydx A, = xdy Vv, = nL y dx V' =m" xdy
4 88—y 4 » 8(8-yY
Ac=[ B-29dx | A -[ Wy |V =njo (8-29 dx | v, —af LTJ dy
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(d)

Area Integral expression Value
A using A _ J." Jix AX = L: x2dx + ,[: f(8— X2 )dx
A using A, =jj xdy Ay: IO(\/ﬂry—Jy)dy
B using A, jb o AX = I ((8-x)—x )dx = [ (8—2x2)dx
B using A, _ J.: xdy | A = _[OA\fydy + IAS\/ady
Volume Integral expression Value
Arotated | V =7 2XOXF T 2 (B X Jo0X

about X -axis X 0 2

A rotated 4 4
about y-axis | Vy = RIO (B-y)-y)dy= njo (8—2y)dy

B rotated Vo=m 2((8-%); =X, JdX
about X -axis X 0

B rotated 4 8
about y -axis | V, = ﬂjo ydy + ﬂL (8- y)dy

r

gradient of line = _, _ozix_oj :r_x

Y F 0=y =1
I e ] e

VX:n_f L_XJ dx:nk— | Ixzdx=_L 72 _ =-mrh
ol h h) h |3 h 3 3

-

y-intercept: (0,1), x-intercept: (5,0), points of intersection: (In4,4), (4,4)

(Notice that the second part is a rectangle and the third part is a triangle)
J"”4e"dx+4(4—ln 4)+2=..=21-4In4
0

(thillce that the second part is,a cylinder a third part is a cone)
TEJ‘ " e2dx 42 (4-1In4) +51 42 = ... =?d4%1f—16 In 4R T
0

|
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nfolG-y/4) ~(ny) ldy




A. Exam style questions (SHORT)
T. @ v=1n= T =
Iy y dx JZ\ZX X }dx
a 0
2 [ x* x1° 16n
(b)  Volume = ch (4x2—4x3+x4)dx: M4 _-4__+_ | =__
0 L 3 4 5] 15
OR directly by GDC: Volume =3.35 (= 16;“ =1.07xn)
15
1\ 2 27]a 2
8. J.nyzdx=nj|(x2)dx=x_ V=TJX_1 =i
L) 2 2], 2
1 2
E“a =08451 o 22=169 < a=13
15
o. () V=rnf f(x)?dx
1
(i) V=105 (or 33.37)
10. (@ Atx=0y=e’=1 P(0,1)
In2
(b) V=71:J' (e¥2)2dx
€ V= "edx=n[e*]"?=n[e" -] =n[2-1]=x
J :
11. (a) I3sin2x cos xdx = sin® x+ ¢
b n { . 1 7\2 T
b) V=| ny%dx = zrll sinx cosz x | dx =7 [ £ 3sin2 x cos xdx
( ) J.a J‘0 \/3_ J J.0
—r[sin®x]? =n(1-0)=n
T
12V = af (sin3x)’ dx =04767=1.4954..x1.50
0
3(InxY
13. @ V= k_:,_ J dx = 0.0458
X
1
3Inx

b A= j7dx
1

In x 3 X2 X2 1
But I?dx=Jx Inxdx:_—zlnx—jz;dx

Inx 1 = In x 1x*2+ _Inx 1

—[xdx = ——="c — —
2% 2-'- % 2 -2 2x2 4x?

Hence

{Izrz 4}1{2_ _(_|n3_1\_(0_1\ n3 1 1
S U A

ZJ:_W_£+Z:

4-In3



14, V=1 Ke¥dx= "[e*]k= T (e*-1)

0 2 0 2
2a 2a 2a
15. V=nf, ydx=r[, 8a(2a—x)dx =8ma|, (2a-x)dx
= 87{0[ 2ax — ‘—J
2 0
=8na(4a” —-2a’)
= 6na’ _]a
a a r X2 x3 3 3
16.  (a) A=J-(ax+2)—(x2+2)dx=j @x—x)dx=ja_-_ | =2 _2
0 0 Ll 2 3}, 2 3
(b) W= nja ((ax+2)2 —(x% +2)? )dx :nja (@2 + dax + 4 — x* — 4x? —4)dx
0
M1 1 4 O]a (2 2 )
=m|=a’x®+2ax2 ——X° ——x =n| 35 +—a? | units®
3 5 3 JO \15 3 )
a?+2 y—2 2
- [(y-2)-(—) 1d
©) vy_nj2 " ) 1dy
2
7. V :nJ-e(In X) dx. Integration by parts
T —x=
tnaY dv 1 ﬂ_Bln.\ ‘__l
u=(lnx), a“ “‘:; dy = :
:l':n(—“n” +ZJ ln;‘.d\']
\ X > & J
u=Inx w2
B T
v _1 1
dv x X
[ Bl B2, 1 e B0 1
X X X X X
P
X . X > "
=2n—5n
€
18.  Curves meet at (0, 0) and (k, k)
i 11 2 )
Area :I k2x? —‘T dr=12
[ 15 3 ‘.-‘-\i
= |ki=x*——]| =12
b i
— | 24 —A—.}=12
137 3
Ko

a3

_ —_ =__ units?
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B. Exam style questions (LONG)

19. () Ile‘kxdx=r—le‘kx—|1:—l(e4<—eo):—l ex-1=-1@1-ey
0 " k K
(b) k=05
(M

~] ©1

(iiy  Shading (13ee graph)
(i) Area= [ edx=—" (1-¢%)
0 05

—2KX 1 _
(c)  Volume = n'[le‘z‘“]dx = n|re ) W _ n[e * 1 —‘ =" (1-e%)
0

|2k | |2k -2k | 2k

20. (@ () a=1.3302..=133
(i) p=(10x+2)—(1+e¥)=10x—e>+1

(iii) dp _ 10 — 2%

dx
3—5 —0e10-2e% =0 X =5 x= 1% (= 0.805)

(iv)  Ppx =5IN5-5+1=5In5-4
(b) A= Il.aaoz [(10)( +2)—(1+ ezx)—JdX — “‘13302 (10x — e +1)dx
0

0
A=3.53
(© V=m0 [(10x+ 2), - (1+e2x)2—|de =168.5369... =169
0

V =169
XE—"]XX]. |
2L @ M fey= X——— 1inx
X X
x2(|—i\|—(l—lnx)2x
fu(x): K Xj - 2Inx-3
x* x3

Stationary point wheref’'(x) =0 < Inx=1sx=¢

f”(e) < 0 so maximum.
(i)  Exact coordinatesx =e,y = 1
e

(b) Solvingf"(x) =0 1nx= 3 4= o2

) (4.48)



22.

(©

(d)

@)
(b)

(©

(d)

©

)

(9)

51n X (In x)?

Area = L ~ dx indefinite integral by substitution or inspection: 5 +cC
r(ln X)? 15 1 2) 1 2
Area = =, (1n 52 -(In1) 7= , (I5) (=1.30)
5
v=| x| (10X gy = 1 38
o Ux )
i) =xInx-kx= f/(x)=Inx+1-k
fX)=Inx+1 )
fo(x) increases where f'(xX)>0 = Inx>-1=x> "~
0
e
(i)  Stationary points happen where f/(X)=0 = Inx=k-1=x=¢-?
(iiy  x intercepts are where fux) =0
= XInx—kx =0
= X(Inx-k) =0
= x=0orlnx =k
= X = ek
= (¢ 0)
_ N
Area = JO lenx—kxpx_| _Io(kx—xln x)dx)
\ )
Integrate X In X by parts.
2 2 2
lenxdx:x_lnx—“‘fdx= Xinx-X4c
2 2 2
|—xz x> kx’ I~ e
Area=| Inx—""="| |=__  Note: Given x In x—kx = fix (x) ~ 0 when x = 0.
| 2 4 2 |, 4

Gradient of the tangent at A(e¥, 0), mis f, (&) =Inek+1-k
=1
Therefore, an equation of the tangent isy = x — e,
The tangent forms a right angle triangle with the coordinate axes.
The perpendicular sides are each of length e.

. 1 1
Areaof the triangle = ~ xeX xek = "e*

2 2
Lo (1 )

_ 2| —e | i.e. The area of the triangle is twice the area
2 (4
enclosed by the curve and the x-axis.

Since the x-intercepts are of the form xx = ¥, for k € N then X1 = e<*!

X
and L =g
Xy
Therefore, the x-intercepts Xo, X1, ...Xx, ... form a geometric sequence

with Xo = 1 and a common ratio of e.



asymptote asymptote

[indicate the three zeros, for both asymptotes]
(i)  f(x) =0for x=0.599, 1.35, 1.51
(b)  f(x)isundefined for(x® —3x?) =0x?(x*-~3)=0 Therefore, x=0or x =33

5x4 — 6X
X% —3x2

© f'®=

5x3 -6 . . "
or— f’(x) is undefined at x =0 and x = 3
X4 —3x

(d)  For the x-coordinate of the local maximum of f(x), where

0<x<15putf(x)=0

5 -6=0x= (6\|3
\5)
135
(e)  The required area is A = ! f (x)dx
0599

24.
(a) cos26 =cos(0 +8)
cos(@ + @) =cosfcosf —sinfsind (=cos @ —sin’ )
=cos O —(1—cos’ &)
=2cos 0 —1
cos26 +1
2

s.cos @ =
- 1
(b) Icos'_\'d\' = 5 I(cos 2x+1)dx
Icos 2xdx = ésin 2x

’ l 1 2
jcos'.\'d\‘ =—sm2x+—x+C
4 )

(c) Curves intersect when f(x)=g(x) i.e. 4cosx=
COsSX

; 1
cos x=—|cosx=
4\

H

I}
™
-/

; . T
solving gives x =+ -
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i . by
(e) (1) Using V=I - dy
Volume =n F! (16cos’ x —sec” x)dx
- . b l . l
(1) loIcos'x dx=16| =sin2x+—x
- 2

'[sec:x dr=tanx

Substituting limits

25.
(@) For xyy9—x’ ., —-3<x<3 and for Zarcsin(gj, -3<x<3

= Dis—-3<x<3

X 2
b) V=n| |x/9-x" +2arcsin= | dx
o Ii [ "‘3)
=181
2
I 2 -
(c) %:(94‘)3_ e
(9-x°) Jl-x—
9
x 2 _9-x—xt+2  11-2%

1
=(9-x") - + , : = :
243 1.3 {Q—f}: J‘)—x‘

O-x) O-x)

r11-2x° ' 3 .
(d) Iﬁ,ﬂd":["‘jg—“ +2arcsm—3—j|_r

=pJ9-p’ +2arcsin—§+p~}9—p: +2arcsin§

=2p\9-p’ +4arcsin[—§)




(e) 11-2p° =

0
i
p=2.35 l\/;l
1 |

. o 9__.3 2 X X _2.,3 9_‘_3 3
0 G f (_”:( 55, (—-h)+9\(lrl: ) (9-x")

_ —4x(9- X)+x(11-2x7)

(9—.\"' )i
_ —36x+4x" +11x-2x’
= ]
(9-x7)?
_ x(2x* -25)

3

(9-x%)2

(11) EITHER
When 0 <x<3, f"(x)<0. When -3<x<0. ["(x)>0.

OR
/1(0)=0

THEN

Hence f"(x) changes sign through x =0, giving a point of inflexion.

’25 ; ; .
x=x,|— is outside the domain of f.

26. (a) IxcosSxdx:lxsinsx—ljsin3xdx:lxsin3x+lcossx+c

3 3 3 9
¥
(o) () Area= E Xsin 3X + ! cosSx—L _2n
I3 )
13 Jﬁ
&
(i) Area= E Xsin 3X + ! cos3x1* _4n
E 9 Ise| o
6
&
(i) Area= E Xsin 3x + ! COS3X—|* _obm
|L3 9 |5ﬂ:
6
2n _2=n
(c)  The above areas forman A.S. with u;= — andd= 5

n
The required area =S, = N[ 4 L 2n (n _1)1| B _n (n+1)
T 9

2lle o



