[MAA 5.18-5.19] MORE INTEGRALS - FURTHER SUBSTITUTION

SOLUTIONS

MORE INTEGRALS

O. Practice questions

1.

Integral Result
[5dx g
In5
X4 X
j(x3+3x)dx —+—+C
4 In3
.[ sec? xdx tanx+c
_[(tanz x+1)dx = .[secz xdx tanx+c
5 2
J 5 dx =5fsec Xdx 5tan x+c
C0S? X
.[ cosec? xdx —cotx+c
_[(cotz x+1)dx = f cosec? xdx —cotx+c
5 2
I — dx =5.[cosec xdx —-5cotx+c
sinZ x
.[ sec X tan xdx SecX+cC
J cosec X cot xdx —COSecx+c

7 7 X
J‘ dx =_arctan_+c
16 + x? 4 4
J' ! dx:lj' 1 i _ T arctanax + ¢
1+16x2 161, . 4
16
J'# dx = lj o _ " arctan ¥ 1 ¢
25 +16x2 16~ 25 2 20 5
16
J‘ 7 dx =Larctan L+ c
2+ x? NA J2
J‘ ! dx:Z g =Earctan\[_?x+c
2+3¢ 3 2 32 2




J'4dx = 7arcsin X +¢
V16 -x2 4
J‘#dx :Zjildx = Zarcsin 4x +c
V1-16x2 4711 4
16
j ! dxzzj' CE— —Larcsin® 1 ¢
25 -16x2 4" 25, 4 5
16
J‘ ! dx — 7arcsin™_+¢
\2-x J2
J‘#dx = Lj'—ldx L arcsin \/—Ex+ c
Ja-ze W3 2, V3 2
3
4.  (a) X2 —10x + 24 = (x —6)(x — 4)
2 _ A B

+ = 2=A(X-4)+B(x-6
x2 -10x+24 Xx-6 x-4 ( )+ B( )

For x=6, 2A=2< A=1
Forx=4, -2B=2<B=-1

1 1
Hence, = -
x2 —10x+24 Xx-6 x-4
(b) X2 —10x + 25 = (x — 5)?
(© X2 —10x +26 =(x —5)2 +1
_ 1 1 _ -6
d i dx=[_—-—__ dx =Inx —6 —Injx — 4+ ¢ = In| X +c
(@) ® J.x2—10x+24 X—6 x—-4 | = | x—4
2 2
(ii)J' . dXZJ. 2dX=— +C
X" —10x + 25 (x—5) x-5

dx =2arctan(x —5) +¢

(iii) j

dx = J'
X* —10x + 26 (x —5) %1

A. Exam style questions (SHORT)

e3X+2eX+4 1 X 2 —X 4 —2x 1 X 2 —X 2 -2X
5. Q) |[———dx =|(~e +—e +—& )dx=_e ——e —-_e +C
()I 3eX I(3 3 3 3 3 3
4 12X 41 % 2-X
(b) J'—dx =J'(2X +1+2%)dXx = ——+X——_+¢C
2x In2 In2

6. (i) .[tanz xdx = j (sec? x—1)dx =tan X — x+c¢

(i) J.cotz xdx = J. (cosec? x—1)dx = —cotx—X+c¢C



10.

11.

12.

13.

(i) J_ 3 dx = 3arctan X+c:arctan X+c
¥2 30 2
(ii) X 49 dxgsj. dx=arctan?3x+c
X% +1 9 e 1
9
(i) j ——dx = 3arcsin * +¢
9- x2 3
(i) dx arcsin3x+c¢
'[\/1 9x2 /

dx = arctan

(i)
N I(x—1)27+4 27 2

(i) dx = " arctan(2x—2)+¢

Ax—1)2 +1 2

(1) J‘ ——dx = 7arcsin X—_l+c
4- (x Ja-(x-1y? 2

= Z arcsin(2x —2) +c¢

(ii)
J.\/l 4(x - 1)2 2

a 1
0) dx = dx=_ Jparctan fyx+c= o arctan f;X+c

Joevs Bfﬁ e & Tm %

arcsin —=x+¢

b
L s ﬂr FE T

(@ (RHStoLHS)
E_ 2 5 _ 3(x+2)* - 2x(x + 2) —5x

X (X+2) (x+2)2 X(x+2)?

_ 3%% +12x+12 - 2x2 —4X—-5x _ X? +3x+12
X(X + 2)? X(X + 2)?
X +3x+12 5

dx =3In|x|—2|n|x+2|+_+c
X+ 2

®) -[ X(x+ 2)?

(Since A>0) x> +6X+8=(Xx+2)(x+4)

6 __A N B
X2 +6Xx+8 Xx+2 x+4
For x=-2, 6=2A=A=3
For x=—-4, 6=-2B=B=-3

TenceG J'|( 3 3 \|dx=3ln X+2 -3In x+4 +c (=3In
2 \X+2 x—+4

=6=AX+4)+B(x+2)

x+2|7¢)

X+4




14.  (Since £<0) x> +6x6l3=(X+3+4 x+3 X+3
dx = dx =" arctan + ¢ = 3arctan +C
Ix2+6x+13 (x+3)2+4 2 2 2
15. (Since A>0) x2—-6x+8=(x—2)(x—4)
X+6 A
= + X+6=AKX-2)+B(x-4
X2 —6x+8 x-4 x—2:> " (x=2)+B( )
For x=4, 10=2A=A=5
For x=2, 8=-2B=>B=-4
Hence
X+6 (5 4 |x—4Jp
j—dx:ﬂ ———de:5In|x—4|—4|n|x—2|+c (=In +c}
X2 —6X+8 \x—4 x-2 |x -2
16. —x2 —6x+7=—(x+3)*+16
_[ i u'x—j i dx—7arcsinu+c
VX2 —6x+7 16— (x + 3)? 4
17.
3x* +4x+2  3(x* —6x+8)+22x—-22 _ L 2x=22
X2 —6x+8 X2 —6x+8 3
X2 —6Xx+8
X2 —6x+8=(x—2)(x—4)
22x— 22 A B
-2y 22x—22 = A(x—4) + B(x -2
x> —6X+8 x-2 x—4:> X (x=4)+B(x-2)
For x=2, 22=-2A= A=-11
For x=4, 66 =2B = B =233
3¢ +ax+2 [, 38 11 \gx=3x+33In x4 ~11In X-2 +c
Y2 — By -8 X_.“S Y—4 x=2
\ )
FURTHER SUBSTITUTION
O. Practice questions
18, u=tanx= M —sec? x = dx = _du
dx sec? X
5 2 5 e tan® x
i XSec _ _—tC= +C
M _[tan xdx_J-u du = 6 6

sec? x
(i) Imdxzjﬁduzzﬁ%: 2Jtanx +c¢

sec? x u u 1 1
(i)  [—dx=[du=[e du=-e FTC=-+C= ——cC
e K e e
tan® x

5

2
q Xsec xdx (case (i). Hence +cC

(iv) it is equal to J-ta



19.

20.

21.

sin x x —=sin x
_[tanxdx_j =—j—dx=—ln|cosx|+c
COS X COS X
COS X
J.cot xdx =.[—dx = In|3|n x|+c
sin x

jidxﬂn(x2+7)+c
X2 +7

_[ X dx:i 6x dx:lln(3x2+7)+c
X2 +7 6° 3x2+7 6

j X2 1 Ox?2 E 3
Q\13L7dx=0 QV3L7dx=oln(3x +7)+cC
J-w—+5dx=ln‘3x2+5x+1‘+c

3x2 +5x +1

e* ‘
I 5dx=|n(e +5)+c

eX
[ g 1w
e I:dx=,)ln(e +5)+c
u=eX:>d_u=eX:>dx=d_u
dx e
ex e du 1 X

du =arctanu +c =arctane +¢c¢

je2X+1dX:-[u2+1e_X:J.u2+l

u:x+5:3—u:1:dx:du X=u-5

X

() .[ 3 dx:J'BXdu=IB(u—5)d B (B—ls\du =3u-15Inu +c
X+5 U — U U_J. _ | |

u

=3(x+5)—15In |x+5|+ ¢ = 3x—15In [x+5|+c’

X X u-5 1 1

(ii) jﬁdx:fﬁdu:jﬁdu =j(u;—5u 2)du

2 3 1 2 3 1
=4u?-10u?+c=24(x+5)?-10(x+5)? +¢
3 3

d u->5 u? —10u + 25 (
(iii) Iﬁ = I)ﬁ du = I( ) du:f|u—10+_
u \
u? (x+5)2
= _10u+25ln|u|7L = _10(X+5)+25In|x+5|+c
2 2




22.

23.

24.

u=x2+5:E=2x:dx=d_u X2 =u—5
dx 2X
(i) J‘xe*(x2 +5)3dx = I x3ub au_1 I X2ubdu = L j(u -5)ubdu = L I(u6 —5u®)du
2x 2 2 2
_u” 5 e (x2+5)7_5(x2+5)6+C
14 12 14 12
X 1
() [ _dx= id_uz_jx du=1 fu Sdu=" j(u%—su-z)du
VX2 +5 Ju 2x
3 1
~1u? 57 4c= L@ +5)7-50¢ +5)2 +¢
3
x° x¥du 1 x4 1 (u-5y2 1 u?-10u+25
iii dx=[——=—[—du=— du= - [——— du
(i J‘x2+5 u2x 27u 2'[ u ZI u
LB/ e s, 2 (s
Zj.ku +uJu_4 > | DIn(x +5)+—4— 5x +cC
u=sinx =M _cosx = dx=_du_
dx COS X
[ cos® xdx = [ cos® x cos? xdu = |(1-sin? x)du = | (1-u? )du
O oo <] J(1-sin® x)du = [ (1)
T sind x
=U——+Cc=S8SinX— +C
3
(i) J'cossxdx=J'COSSX d = cos4xdu=j(1—sin2x)2du=J'(1—u2)2du
COS X
3 us ] in3 in5
21(1_2u2+u4)du:u_zu_+_+c:smx—m+m+c
3 5 3 5
2 3 2 3 dU .
(iii) J‘sm X cos® xdx = Iu cos® X — _J‘uz cOos2 xdu=Iu2(1—5|n2 x)du
COS X

3

ut o ou® sindx  sin® x
()= e T

X = 3tan9:>d =3sec?0 = dx =3sec?0dO
do

1 1 1 sec? 1 1
— dx=|———3sec?0d0 == | ———d0 =—|1d0 =—6 +¢
J.9+x2 X J.9+9tan29 Il tan? g -[ 3

X
But O =arctan _
3

1
Hence the integral equals _arctan _+C
3 3



o5, X=3sin0 = dx _ 3c0s0 = dx = 3cos0dO

do

cosO

1 1
'[\/Q—XZUX_'[\/Q—QsinZO

3c0s0d0 = | do = [1d0 =0 +c

J1-sin*0

X
But © =arcsin _

26. (1)

(b)

3
Hence the integral equals arcsin )i+c
3
1
— —1arctan—=+c¢
Vs NFAN
— 2
J_ X dx:i 2x dx="In(x*+2)+c
X +2 27 % +2 2
X X422 (2 2 X

(©
(d)

jx2+2dX=j X2+2 dXZILl—deX :X_ﬁarctanﬁ+c

METHOD A

Letu=x2+2:>ﬂ=2x:>dx=d_u
x° X3g)l(1 1 % 21X u-2 1 ( 2)

dX=|—-—==|—du=-|—-du=—-||1-—|du

J‘x2+2 u 2x 2-[u 2-[ u 2-|.|k u)|

2 2

e X2l e, X S

S | | o Do g Inx 2) ¢

ME)'{HOD B (we simplify by using in fact long division on X3 by X2 +2)
dx=[x(x*+2)-2x ="' - 2x )

J.yzj_') J. Nt i) dx J‘LX _XL'LZdX _YQ_ |n(X2_ 2)+C

A. Exam style questions (SHORT)

27.
Let u=lny=du= Ld}'
3
J‘ t:m!ln_\_l dy = l tanu du
:j S i = —In|cosu |+c
cosu
EITHER
s tan(ln v
angin) )d}' = —ln| cos(ln_\')l‘t‘

)

OR

tan(ln y)

dv=In

sec(In y)|+c



28.

29.

30.

31.

32.

In a similar way we obtain Injsin(In y)|+ ¢

y=2- x:>dy

(2y\ (4 4 ) 4

= ﬂ —J (-dy) —I|\?_— y_+1|)dy: y_+4In|y| —y+ce

= 4 +4In |2 x| -2-x)+c

-1=dx=-du, X=2-y

2—-X
Letu=£x+1:ﬁ=i:>dx:2du x=2(u-1)
2 dx 2
Then.[L X+1)' dx =JZ(u—1)xu12x2du
:4r[(u3/2—uV2)du
2 52—2u32—|+C
H‘%m (
572 2 1
=4 _| _x+1 )/ x+1)3/2—‘
!L5\2 Y 3\2 J
Substltutlngu—x+2:>d =l=dx=du X=U~—2

dx
J‘ X dx:J'(”_Z)S du :Ju3—6u2+12u—8du
(x+2)2 u? u?

= Ju du + j(—6) du +-[l_uz du + j8u 2du

2
=Y _6u +12InP|+8u*l +c
2
_(x+2)?
2

—6(x + 2)+ 121In|x + 2|+ +C

X+2

. dx
x=/5sin0 = £=\/§cose = dx = /5 cos0 dO

J.VS X2dx = _f\/5 5sin® 0 \/gcosedO_SIVl sin2 @ cosO do —SJCOSZGde

But C0520 =2c0s?0 —1= cos?0 _1+c0s20

. 2
5J.(1+0032€))d6 :56 +M +c:59 +§sin9 cosO +c¢

2 2 2 2 2

The substitution x = +/5sin® gives 6 =arcsin X and sin© - X

5 NG
5-x?

J5

Using the right angled triangle method we also obtain sinf =

Finally, we obtain

5 N
Parcsin_~_ + XV5-% | ¢

2 J5 2




33.

34.

35.

36.

37.

X = 4sin%0 :j—g =8sin0 cosO = dx =8sinO cosOdO
X SIn sin2 O ]
=, —Ox=[ " g - ————sinO cosH dO
-N4—x j 4—4sin2688m gcos gdg 8_[”1—sin26
in0 . .
=8 0 cos0dd =8 4in20d0o
]Lcosesm cos sjm

1-cos20
2

But €020 =1-2sin?0 = sin?0 =

We obtain
| = 4_[(1—cos 20)do =40 —2sin20 +c =40 ~4sin0 cosO +c

Since X = 4sin*0 = sin*0 = X_: sinh = ﬂ 0 =arcsin£
4 2 2

and cosO = % (using the triangle method)

| =4arcsin £—4£ Va-X +c=4arcsin£—,/4x_xz +C
2 2 2 2
(@  RHSto LHS:
1 X XH+4-X(X-2) xX?+4-X"+2x _ 2X+4

"2 214 (x_2\(x2 T Uy — 0\(¥2 T2 _
(b) j " 22x+i( +4dx_=(XJ‘(2){X 4 \|%(x 3%%?xt%))—’z(i(n(>§42(i() +2c?

()(2 4)9(_2) X —2 - ¥2 4+ 4
\ )
(i) Iex L ix = j(1+e‘x)dx =X—€e*+¢
eX
G | © x=In(e" +1)+c
e +1
du du
Uu=e*=_ =e =dx=__
dx ex
e* e* du 1 1 u 1 e

J-e2X+4dX_J.u2+4e_":J‘u2+4

du = —arctan —+c = —arctan —+c¢
2 2 2 2

u=3 =% _3n3=dx=_du
dx 3*In3
K ¥ du 1 1 u 1 K4
J' dx:J' —_——= —j arctan—+¢=——arctan— +c¢
9" +9 w+93In3 In3 u2+9du 3In3 3 3In3 3

=—1 arctan (! )+c
3In3



w [ W\)mx

Let 2x = sin9:23=0059 :dx:lcose do

do 2
:ﬁ 1=4x2 \jldx=j Il—sin2 0 ; cosO do

= I 1 cos? 0 do
2
1

= J' (cos20 +1)do
4

:lsin 20 +Q +C
8 4

:%[Zx /1—4x2 +arcsin 2x]+C

du .
39. LetU=COSX = —=—sinx=>dx=—_0du
dx sin X
. . du .
sin® xdx = | sin® x =—|sin? xdu = | (cos? x-1)du = | (u2 -1)du
u cos° X
= ~utcT —cosxtc
3 3

. du
40 U=sinx= _ =cosx=dx=_du

dx COs X
, du
3 3 — 3 3 y—— .
J‘sm X oS> xdx = Iu cos® X _ JU3 cos? xdu = jus (1-sin? x)du
Cos X
6
ut L sin® x_ sin® x
:j(ua—u*")dU:— 6 +C= - +C
4 4 6

DEFINITE INTEGRALS

A. Exam style questions (SHORT)

41 2 1 dx=r1arctanﬂz=n—0=

a2z 2 5w

T

ko1

dx = arctan k= & ,arctany = T & arctan K _
42. “n = M1 = = =

N |~
N | =

6 2 3



2 1
J~a dx=0.22 = [arctan X]éal‘2 =0.22
. 14+ %2

= arctan a2 —arctana—0.22 =0
—=a=2040ra=262
OR directly by GDC using SolveN

Let y=¢€’
du =e" dx (or equivalent)
When x=0., u=1 and when x=In3. v=3

In 3 ot ] ]
j- ‘ dy = I du
b e 49 I M- +9

[ ul
=—| arctan —
3 3],

1Y
arctan | —arctan -

3)

10 | s

nt | |
= — ——arctan—
12 3 3

OR
| |
—arctan —
3 o)

X=2sin0 = d =2¢0s0 = dx =2co0s0d0O

d0
jd4—x2dx:j\/4—4sin29 2 cos0 do :4Ix/1—sin26 c0s0 do :4jcos29de

1+cos26

But €0520 =2c0s?0 —1= c0s?0 =
2

2j(1+c0326)d6 =20 +sin20 +c¢

Notice: For definite integrals of this form it is preferable to change the limits instead of going

back to X

N3

Hence
2

J.V4—x2dx =[20 +sin 26]75/2 =(n+sinnt)-0=n
0



46.

X =sin’0 = Z%: 25sin0 cosO = dx = 2sinO cosOdO

X —
I:j —dX=J. Sm_—625in6 cos do
1-x 1-sin?0

.[M 2sin0 cos6dO =2 sjnzede

1-cos 20
2

But €020 =1-2sin’0 = sin?0 =

We obtain

I-j(l cosZG)dG e_sm226 +C

METHOD A: Change limits (much quicker!)

Na e

Hence

d [ sm2(ﬂﬁ rn 1—| :n_l
4[\/ - 9 Jo o

||_4 2|j 4 2
METHOD B: Going back to x.

| =0 —sin0 cosO +c,

Since x=sin*0 , sind = JX and  cosO = 1- x (using either a triangle or trig identity)
and 0 =arcsin v/x

I =0 —sin0 cosO + ¢ = arcsin x/;+\/§\/1—x+c:arcsin\/;+\/x—x2 +c

Hence,
1

1

j/l de_LarCS|nJ_+\/ﬁTJ _Larcsm\/—Jr J 0_: 2

12



