[MAA 5.16-5.17] CONTINUITY - DIFFERENTIABILITY - L’HOPITAL
SOLUTIONS

LIMITS AND CONTINUITY

O. Practice questions

1.
(@)
| Domainof f: xe[-1,8] |Rangeof f:ye[1,4] |
(b)
| f(-D=2 | f()=4 | f(4=2 | f(6)=2 [ f(8) notdefined
©
lim f(x)=2 lim f(x)=2 limf(x)=2
x—1" x—1* x—1
lim f(x)=2 lim f(x)=2 lim f(x) =2
X4 X—4* x—4
Iiren f(x)=4 lim f(x)=2 lim f (x) does not exist
X—6" X—6" Xx—6
(d)
continuity at x =4 YES, since lim f(x)=2 and f(4)=2
x—4
continuity at x =1 NO, since limf(x)=2 and f(1)=4. 2#4
x—1
continuity at x =6 NO, since lim f (x) does not exist
Xx—6
2. In fact, it is the same function as in exercise 1.

(@) (b)and (d) as in exercise 1

(b) abit more detailed here:

lim f(x) = lim(x? +1) =2

x—1" x—1"

lim f(x)=1lim2=2
x—1" x—1*
limf(x)=2

x—1

lim f(x)= lim2=2
X—4" Xx—4"

lim f(x) = lim(x-2)=2
x—4*" X—4+
limf(x)=2

x—4

lim f(x) = lim(x-2)=4
X—6" X—6"

imf(x)=1lim2=2

x—6" Xx—>6"

lim f(X) does not exist

x—6
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(o) limf(xX)=6 and limg(x)=6

x—>3 x—3

(c) The graphs coincide except the point at x =3 where g(X) is not defined.

CONTINUITY AND DIFFERENTIABILITY

O. Practice questions

s

(b) lim f(x)=3, lim f (X) =4 = limit does not exist. Not continuous so not differentiable.

x—1" x—1"
(c) at x=3 lim f(x)=Ilim f(x)= f(3) =4 so continuous

x—3" x—3'

Not differentiable at x = 3since the gradient changes from 0 to -2

@a=2 (b b=-2
(c) gradient changes from 1to-2 at x=2

(6) at x=0 lim f () = lim f () = f (0) =2
at x=3 1im £(x) = lim f ()= f(3)=2

x—3" x—3"

(c) gradient does not change at X=0. Itis0
dy=2
(e) gradient changes from0to 1 at x =3.

(@ c=0 3a+b=0
(b) gradient before x =3 is 2, gradient after x=3 isa,soa=2.50 b=-6
(c) |ifT31 f(X) =0, f'(3) does notexist, (at 3, not continuous = not differentiable)

(@ 2=1+a+b=a+b=-3
Gradient before x =1: —6x?, gradient after X =1: 2x+a,s0 6=2+a—=a=-8
Thus b =5

(b) y>-11

() m=-6, point (1,-2). Tangent line: y+2=-6(x-1)



DIFFERENTIATION FROM FIRST PRINCIPLES

O. Practice questions

9.  For f(x)=x*
f (x+h)—f(x) _"m(x+h)“ -xt

f'(x) =lim
h—0 h h—0 h
_im X+ 4¢h + 6x%h? + 4xh® + b — x¢
h—0 h
—lim 4x3h + 6x%h? + 4xh3 + h?
h—0 h

= lim(4x3 + 6x?h + 4xh? + h®)
h—0
=4x3
, f(l+h)—f(1)  (Q+h)* -1
10. f)=lim——  =lim_—
h—0 h h—0 h
_lim 4h +6h% +4h3 + h* -1

h—0 h

4h +6h? + 4h® + h?

=lim
h—0 h

= lim(4+6h+4h? +hd)
h—0

=4

A. Exam style questions (SHORT)

11.  For f(x)=x%+2x+1
3 3
fro0 =fim TEFM=T0) o (x+h)’ +20¢+ ) +1-° —2x -1

h—0 h h—0 h
_lim X2 +3x%h +3xh? + h® + 2x+ 2h— x® — 2x
h—0 h
_lim 3x°h+3xh* +h®*+2h
h—0 h
=1im(3x* +3xh+h* +2)
h—0
=3 +2

12. For f(x)=mx+c

FOHm) = () _ iy ME ) +C—mx—c _ . mh _ immem

f'(x) = lim i
h—0 h—0 h h—0 h h—0

13, For f(X)=~/x
f'(x) =lim P -1 lim vx+h —x (multiply up and down by (/x4 ++/X)

h—0 h h-0 h

Clim_ Xth-x Y 1

h>0 h(VX+h +\/;) 0 fx+h+4/x  24/x




1
14. For F()= —

X
'  f(x+h)-fx) . 1/ 1 1) 1 x2-(x+h)2\
f (x)= lim =lim_ ,_ o |=lim 2 2
0 h moh((x+h) X ) moh( x (x+h) )
—2xh—h* _ iy —2x—h _-2X :—_E

=lim =
>0 hx2(x +h)> mo0 x*(x+h)*>  x*

LIMITS AND L’HOPITAL’s RULE

O. Practice questions

15.
X2+1
lim =400
Yol (x—1)2
x2-1 X+1
||m ) = Im =400
x—1 * (X —1) x—>1 " X—l
x2-1 X+1
lim 5 =1lim =—0
x—1" (X —1) x—1" X—l
t)
) eX _1 0 e
16. (@ lim = lim =1
-0 2% x>0 2
(0) (0]
Ca2X_q1_ - -2 . ex_1lo) e
b lime =12 10 26" 7~ jim im S =2
x—=0 X x—0 2X x>0 X -0 ]
17.
3e>*+5 8
lim -~ _4
046 16 10 5
3*+5 5 . % 50)
lim——=— since e”* —
o=4e” 16 6
2 (2]
_ 3e*+5 =) 6o 6 3
im —— = i o im 2=
x>0 e +6 x>0 8 ¢ x>+=8 4
18. (a)
8
o
N ax+ .
() lim ax+b 'z lim2-2
X—>to0 d)( +e X—>+o0 d d
ERPE
B ) o o
(i) fim & EPXHC o i Zax+b o 28 a
oo dX +ex+ f xot0 20X + e o 2d d
)
ax+b "« a
(D i 777 = i -0
oo dx? +ex + f xowe 20X + e

(b) They give the horizontal asymptote .
a .
for (i) and (ii) the line y:E’ for (iii) the line y, _



19.

3 ix+e %) G x
lim = D gim B Dy BEE
x>0 X 45X +3 x>o  2X+5 ot D
3x% + X + & (fj x [i] 6
Iim ——— _ |im Ox+l+ et = —=3 since e —> 0
X0 X2 +5x+3 x>0 2X+5 X0 2 ( )
20.
i Sin 3x
(@ hm =1  (lety=3x, s0y—> 0whenx—> 0)
x—0 3X
i . sin 2x
x—0 X -0 2X
. sinbx i
@© lim _Ojm SIn>Xx _ 5
x—0 3X 30 by 3
. sin(x—2
(d) |IrT21—X(—2) =1 (lety=x-2, soy —> 0whenx — 2)
. 3X+ 2sin x —I|m(3 ZSmX\ 3+2=5
(e lim———— 0
x—0 X - X
. sinx .
() Ilms =I|miﬂ=+oo (+00 X 1 = +o0)
x50 X X0 X X
. sinX
(g lim___ =lim \/__: x1=0
x—0" \/; x—0*
m  lim sin 2x :“stmxcosx:“mZSinx:2
x—0 X COS X 0 XCOS X 0 X
o sin L/
(i) limnsin_ = =1 (lety=1/n, soy— 0whenn— +o0)
Nestoo n N—+o0 /
_ 1 sin
G) limn2sin™ = limn A—+oo (+o0 X 1 = +o0)
Ne>to0 n N—>+o0 0
1 . 1sin
(ky lim nsin 7 = lim — % =0x1=0
Nes00 n n—+o N %2

A. Exam style guestions (SHORT)

21 (a) lim[i_ﬂ =Iim|(1_X\=
' x>0\ X2 XJ x—>0k X J o
(b) Ilm( 1 —im X i Y —
HO\X” J o0 (X+1)X %00 (X+1)x
©) Ilm( 1 \—Imx 1 jim v i

Hokx+1 XJ PN (x+1)X HO’(X+1)X
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29.

9 3
@) fim3NX 2 him X =3
x—1 X—l x-1 1
(9)
(ii) tim x=1 ' ) = lim
x->13In X ¥l

1
3

~
”\f’f/ < ||~

lim 2cosx—2+5x

X0 X x—0 2X x50

lim —2sin X +10x_ _ “m(—sin X4+5'—2_145=4

N —

using I’Hopital’s Rule

lim 2In(1+e*)-x—In4 — lim 28" +(1+e*)-1 _ lim 2€* +(1+e¥)? _l
X0 x2 -0 2X X0 2 4
EITHER
Iim| —cotx\|= Iim(tanx_x\|
x>0\ X ) o Xxtanx )
—J;g( seg’® x -1 \] using 1"Hopital
)
= %‘( 225ec X tan x ]:0
25665 X+2%SecXtan-x
\ )
OR
(1 ) (sinx— xcosx\
|- cotx|=lim__ _ ~ "
x>0 X ) oo xsinx )

x=0\ Sin X + X COS X
lim SInX+XCOSXJ 0

X—>0L2 COS X — X Sin X

"mg xsin x J,usingl’Hopital

1
( In x |( * W 1
Using I’Hopital’s rule, =lim —  I=
x»l\—m) "ol 27t00527txJ i

2
lim tanx _ [jm S€C™ X -4

x50 x4+ x2 0 1+ 2x

i 1-x2 +2x2Inx . —2X+2x+4xInx
im————————= lim 7 =
1 1-sin *-1 - cos
2 2 2
R 2 2
lim 44X = jim1-x*+2x*Inx _ 4 _16
2
. X
oln gin ™ 00 1-sin® T T
4 2 2 4
(0) (0Y

hd 2
lim BN X=X %) i sece x—1 'o/ jm 2s€C Xsec xtan x

x>0 1—C0S X =0 sin X =0 COS X

=0




(0

_ \o .
20 lim(_L__ 008Xy _jm17COSX Wy sinx _
0 sinx sinx 0 sinx x>0 COS X
2x -1 '(0]
. 110 X
x—0 X X—0
(W 3 ! 1 .
(1+X2)2 1o Rz 3aex)ex | 1
32. |Im_|ﬁ(_11'__)e_* limé&———=1Iim = lim| -3(1+ x2)2 (1+ X) |=-3
0 0 1 x>0 —X x—>0|_ J
—_— _1 YA
1+x 1+ x

33. (a) Ittakesvalues close to 2, so the limit seems to be 2.

(b) i 2tan x—tan 2x o)‘I 256eC? X—256C% 2X — [jm Sec? X —sec? 2x
x50 5iN2X—2SiNX 0 2C0S2X—2C0SX  *»0 €0S2X — COS X
1 1 C0S? 2X — C0S? X
] 2 2 ] 2 2 . COS2X+ COoS X
— lim €OS” X €OS* 2X _ |jm _C0S® XCOS” 2X  _ |im -

x=0  COS 2X — COS X x=0  COS 2X — COS X x>0 c0S? X COS? 2X

B. _Exam style guestions (L ONG)

4. (@ f(x)=(@2x+3)?
f'(X)=2(2x+3)x2 =8x+12 and f'(0)=12
f(x+h)—f(x) lim (2(x+h)+3)* = (2x+3)

(b) f'(x)=Ilim
h—0 h h—0 h
_lim 4(x +h)? +12(x + h) +9—4x?> -12x -9
h—0 h
_lim 4(x? + 2xh + h?) +12x +12h — 4x? —-12x
o0 h
2
— lim 8xh + 4h? +12h
h—0 h
= lim(8x + 4h +12)
h—0
=8x +12
© £/(0)= f(0+h) f(0) lim f (h) - f(0)
h h—0 h
2
m (2h +3)?2-9
h—0 h
2
—lim 4h? +12h+9-9
h—0 h
4h? +12h
lim— =Ilim(4h +12) =12

h—s0 h h—0



35.

n\, ., . .| n! I
x k" l= X h"

(
| X ]
ln-r; \ ri(n—=r)!

d@x") _p [ (x+h)"-x" )

(b) =lim
o dy 0] h )
[ [n) ‘n Nl
[ x"+| : 2_\'" 'h+[ w]_\'" ik =X
=lim| N/ ~
| h

) nn=1) ..., :
( X"+nx"h+ =2 ‘P +..+h"—x"
i
=lim| =

k01 | /,

a1

| nin=1) ., o)
=lim| nx""' + X h++h |
A}

\ 2 )

| Note: Accept first, second and last terms in the 3 lines above. |

=nx""

(c) X%zt =1
d(x™") _,d(x")
+X

. =0
* dx dx
< —d(i‘_") +x"xm™ =0
'"d(i‘_")'*‘"-“ I :0
d(x™) —-mx" )
e (=—nx)
@  a
)
% @ |jmn@rax) i dax _
x-0 X =0 ]
In (1+ a)
[ a) L nj
(b) lim nInL1+ _J:“m—:a (set x=1/n)
n—>+oo n n—>+o 1/n
( a n ( ay [ a)
. R In| 1+— R In| 14—
© lim L1+—) —lime U ) = lim e™ “Jzea
N—>+0 n N—>-+0 N—>-+o0

k n
(d limFV = lim PV | (l+ r/lOO] —\ —pV (erlloo)" — P\

k—>+0 k—+0 ‘ L\ k U



