[MAAS5.11] DEFINITE INTEGRALS — AREAS

DEFINITE INTEGRALS - PROPERTIES

SOLUTIONS

O. Practice questions
1.
1 J, OX
=4 =7
L(2x+3)dx 1x
2 — 1 2X%+3 e5_eS
L(2x+3)dx =6 Le dx >
2 _ +— dx _
[| (2x+3)dx =10 Oy 41 =In5
2 10
J.7(2x+3)dx =12 J'n xdx =50
1 10
[, (ex +2)x = e+1 [ s =50
T n10
L (sin x+cosx)dx | =2 | dx =6
2. (@) f'(x) =Inx (b) 3In3-2
3.
7
[ 3 (x)dx 24
5
[ f(x)dx -2
7
[ (f () +D)dx 10
7
[ () +x)dx 20
7
[LLf () - 4g(x)]dx 0
8 8
[ fdx—[ foodx |8
6 7
3 f(xdx+ [ 3f(x)dx | 24
10
[ f(x-3)dx 8
35
[ f(2x)dx 4
4. (a) I L x=t In(2x+3)+C
2X+3 2
3 1 M1 B 1 1

(b) I02X+3dx:LEIn(2x+3)

ThusP =3

() 1In(2m+3)—£ln3:1<:> In2m+3)-In3=2
2

2
T 2m+3:

2 &

2m+3

I, =22

IN9——In3= EInB: In/3

e? ©2m+3=3e? ©om=

3e2-3

2




A Exam style questions (SHORT)

5, j—dx =[In(x-2)]%= In (k- 2) — In1

In(k 2)-Inl=In7= k-2=7,thus k=9
1y 3 [ 1] 3

6. J‘( |dx—Z {X_YL:Z

LX)
k-

E_3:>2k2—3k—2:0 = (2k+1)(k-2)=0
k 2
2sincek>1

k=
7. ‘[cosz x dx = 0.740 = a = 1.047 (using a graphic display calculator)

8. (a) E x10=5
(b) % g(x)dx + 34dx=10+[4x]® = 10+8=18
1 1 1

o @ (i) 16 .
(i) [ fe)dx+[ 2dx =14

) | f(x-2)dx=8
c=2,d=5
10. (@ 10
(b) 32+ f(x)dx=| 3x%dx+| f(x)dx
J‘133x2dx—Tx3]3 —Iﬁ7 1 —2£

1 1

Thus L33x2 + f(x)dx=26 +5 = 31

11. (a) —(f(x)+g(x)) ')+ g (=f'@)+9@)=7+4=11
(b) (g(x +6)dx=[g (0] +[6x] =(9(3)-9())+(18-6) (=(2-1)+12) =13

1 1 1
12, (a) jsf )dx= 3j X)dx = 12

Thusj f(x)dx: 4
5 1
Since J. dx——J. f (x)dx, Lf(x)dx=—4
2 5 5

() 1= L (x+ f(x ))dx+L(x+ f (x))dx:L (x+ f (x))dx
jls xdx+j f (x)dx

5 |—x—| 25 1
Lxdx lTJ' =5 -5 =12
1
| =4+12 =16



AREAS

O. Practice questions
T 3n 3n
13. (@ (i) j’f&)?)(dx =1, “(ii) an cos xdx = =2 “(iii) I 2 cosxdx =-1
0 - 0
2
() ()1 (i)2> (ii)3
32
4. (a) ?(\/E ~1) = 4.42
(b) 10.7
15.
Region enclosed by Expression for the area Area
2 X 0
f (X) = cos(x™) and g(x) =e”, 2 ax 0.282
for -1.5<x<0.5. J‘_lllCOSX e dx
. 2 1.7010
y=sinx and y=x"—-2x+ 1.5, N 0.271
for 0<x<m. 0.6617 (sinx = (x* - 2x +1.5)) dx
y =Inx and y:ex—e, Jl (In x —e* + e)dx 0.201
for x>0. 0.233
_ X3 o457 2 X
y= and y =e™", B 57 _
1+x? .[-1.5247 [mz— € de_ 122
for -3<x<3.
f(x) =4 - x? and o
®) (4— X — (x +1) cos x)dx 9.41
g(x) = (x +1)cos x _
1.278
y=e*-x+1 _
f_ 1.18
and the coordinate axes \[ (&7 = x+1)dx
f:xDSInX,and X -axis lsin x
~ | — | 0.690
for t<Xx<3m n
y =X —3x*—9x + 27 4| | 10175
and the line y = x+3 _[3 y1 —Y.ldx '

A. Exam style questions (SHORT)

16.

17.

18.

@  f'(x) = 3cos(x+2)

(b) If(x)dx: J(1+3sin(x+2))dx = X—3cos(X+2) + ¢

() (i)1+3sin(x+2)=0,

Required value of a=1.48

(ii) 3.06
1
() Y[12x2 (1 - x)dx
(1 1)
(b) 12J.(x2 x3)dx—12||—x X_1=12|_—_|=1
J'O L3 4], (3 4)
bn O«
= -

Area= *sinxdx = [-cos X] COS— | — (~ cos 0)= —

) fﬁ}

-1)=1+—




19.

20.

21.

22.

23.

24.

@ p=3
2 ,

(b) Area= t[gcos xdx = [3sin x] = 3 square units

i) 2 1
E:u)) ¢ +fm(fx(x)d)x+f(2+ dx= [2x+In(x-1)]' = (8+In3) — (4 +In1) = 4 +In3

2

x—l)
(@
Y
4 ™
/feo
3 i
2
/‘//\97.()
‘ 4
0 15 2%

(by A= I g(x)— f(x) dv (using an appropriate definite integral)

a=0.50546.... h=1.227...
A=0.201

@ x=1, x=m
(b)  Attempting to find the area of two regions

s 38"
B= J.“ <sm.\'ln.\' dy +j-, sinxInxdv
=—(0.09310...+0.07736...)
B=0.1704...

A= I':sin xInxdy=0.8809...

0.8809 =k x0.1704
k=517

24x-x"=2-3x+x"
=2x —4x=0

= 2x(x-2)=0
=x=0, X=2

2 A= [(@+x-x)-2-3x+2"))dx

= J";(-’&x —2x")dx or equivalent

[ae-2]
3 0
;

=2:]

%

=2a’-xX < 2X° —2a o x=a® c>x +a

| o0

X
.[(Zaz X2 —x2)dx = ZJ.(Za2 2x2)dx = 4J (@® — x?)dx

[ x3]a ( as}zg

=4La2x—€ O =4ka3—? 2



25.

26.

27.

28.

29.

30.

31

32.

33.

k
Area = IO sin 2xdx =0.85

1_-1

kKsin 2xdx = COS2X 'k = cos2k +0.5

J

2z L2

Equation _71005 2k +0.5 =0.85 (< cos 2k =-0.7)

THEN k=117

k
OR directly by using SolveN : fo sin 2xdx = 0.85 = k=1.17

J‘aEdX:Z:[Inx]i =2=Ina=2=a=¢?

1 X
(@ 231
(b) (i) 1.02 (ii) 2.59
© [ f(xdx =996
P
split into two regions, make the area below the x-axis positive
(@) cosx+sinx=0=>cosx=- sinx= tanx=-I
_ 3z
Xx===
4
3
(b) Required area = J“ e* (cos x + sin x) dx = 7.46 sqg units
0
@ = (319
b i " x sin x dx
() @ Ioex
(i) Area=12.1
-3(x2 -1)-(-3x) (2x)  —3x% +3+6x? 2 3(x? +1
@ ) e 20 D-E39@) _ 3243 _ 3¢ D)
(x? -1)2 (x2 =1)? (x2-1)2  (x?-1)?
a a 3x2+3 [ =3x | 3a
(b) Area= jog(x)dx: j =

a
Avrea under parabola = 2 ja(az —-x2)dx = 2|—a2X - Ex3-’ =
0

B G A

=2<2a?+33-2=0< a=

——dx
0(x%-1)?
3a

2

Area=2 < —

a3

wlh N

3

2
Since PQ = 2a, the dimensions of the rectangle are 2a x 3 a’.

@
(b)

@

(b)
©

AtA, x=0.753, AtB, x=245
245

Area Jﬂss ydx =1.78

f(x)=0<a=-1.73,b=1.73 (a=—+/3,b = \B)
EITHER setting f'(xX) = 0, OR directly by GDC ¢ =1.15

finding 2 areas
0 1.149..

[, o[ o

area = 2.07 (accept 2.06)

a = -2 (rejected)



B. Exam style questions (LONG)
ay 1

3. (@ y=hx= -

dx x
whenx =e, dy _1
dx e
tangent line:y— 1 = (1\|(x—e) = y:X
\e) e
x=0=y=0 =0 Thud (0, 0) is on line
d ° (1)
(b) xXInx=x)=@) xInx+xx |7 '|-1=Inx
dx \x)
() Area= area\of triangle — area under curve
= T Xex €

€ e €&
|\2 1}|__[1Inxdx: ;—[XlnX—X]1= ) —{(elne —1In1) — (e - 1)}

1

e

= _—_fe—0—e+1}= _e—1.
2 { } 2

3B. (@ f@)=2
f'(x)=4x, f'(1)=4
T:y—-2=4(x-1) =>y=4x-2
(b) 4x-2=0& XZE
2
(¢) METHOD 1 (using only integrals)

(i) Area :I:52x2dx + .[:5 f(x)- (4x - 2)dx

.. 2x3
2 _ =" _ _ 2 _
(i) j2x dx = 3 ,J(4x ;)dx—Zx 2x
1 2 1 1
Area= __ +_ —-2+2- _—_+1\\:E
12 3 le 2 ) 6
METHOD 2 (using integral and triangle)

(i) Area= Ilf (x)dx— area of triangle = J.lf (x)dx — L

) 02)(3 0 2
(ii) fZXdXZT
Area:E_E:E
3 2 6
% @ foe_— T@=_
. a 'X)=——= - =
2Jx 4

gradient of normal = —4
normal; y —2 =—4(x =_4x +18
(b) 4x+18=0=x= B?Z:QY
4\ 2)
45

4
1 .
© areacfR= J.O4 ﬁdx+L(—4X +18)dx  OR _L \/de+;><0.5><2 (triangle)

[2 o7 3
(d) R:|_Xﬂ +05= 24,1 _16 1 _35

137, 3 2 3 2 6



37.

38.

(@)

(b)

(©

@

(©

0] ing%section poing%(;( =3.77,x=8,30
LW g (x)dx—J.&77 f (x)dx:L.77 (= 4cos(0.5x)+2)—(In(3x—2)+1))dx
(i) A=6.46
i f'(x)=
M )= =
(i)  g'(x) =25sin (0.5x)
f(x)=90)
x=1.43,x=6.10
y = X(X — 4)?
(i) y=0<x=0o0rx=4
(ii) ﬂ =1(X—4)P2 +xx2(X—4) = (Xx—4)(x -4+ 2X) = (x—4)(3x— 4)
dx
% :O:x:4orx:4§
X
x=1= dy=(—3)(—l)=3>0 1| _ .
ax 4 isamaximum
dy ' 3
x=2=Y_ (@) =-4<ol
dx J
Note: Agegond derivative test may be used
x= 7 =>y= 256 Thus (4 256)
3 27 \3 ?J
d?y ( )= ¢
(iii) d—2 —\(x 4)(3x 49 — (3x —16x + 16) = 6x — 16
d?y 8
=0 6x-16=0=x= _
dx? 3
(b)
AY
t.
104 y P
/pt. of inflexion
5_-
0 t + t t >
0 1 2 3 4 X
<\xfintercepts /
(i)  Seediagram above
(i) 0<y<10for0<x<4

So _[ de<j ydx<flde:>0<_[ydx<40



39. (9

y
3-
21 (1.25, 1.73)
.
(2.3,0)
SN AN
(-2.3,0)
1_
(-1.25,-1.73) _o/
(b) x=2.31
. X2
() J(nsm X—X)dx =-mcosx — __+C
2
1
Required area = J'(nsin X — X)dx = 0.944
0
40.  (a)(D)&(c)(i)
{1
\c\ NN
N R\ N
& ®

f*)

(i)  Approximate positions are
positive x-intercept (1.57,0), max point (1.1,0.55), end points (0, 0) and (2,—1.66)

() xPcosx=0 X#0 = cosx=0=>x= "
2

/2

() (i) seegraph (ii) I X2 cos X dx
0

(d) Integral =f.£‘567 by GDC OR

Integral = + /2

x sinx  2xcosx — 28I X]o = [3_(1) + z[gl(o) - 2(1)1| -[0+0-0]
i

= _2 (exact) or 0.467 (3s.f.)
2



41.

42,

43.

(@)

(b)

(©
(d)

(€)

(@)
(b)

(©

(d)
(@)

(b)

Ya

4 0.5<x<1 MAXIMUM
v (AD35<y<sa POINT

3 —

2_

integers
on axis

| [ [ m [
1 2 3 4
w is a solution if and only if t + t cosmt = 0.
Nown +cost=m +n(-1) =0
x=3.696 722 9... =3.69672 (6s.f.)

See graph: J'(7;r + X €0S X)dx
0

J.:(n + xcos x)dx = 7.86960 (6 s.f.)

a=-3,b=5
(i) f'(xX)=-3x>+4x+15

“32+4x+15=0<= x:—Eorx:B
3
(i) x=3=f(3)= —27+18+45=36

(i) Atx=0,f'(0)=15
Line through (0, 0) of gradient 15 =y = 15x

(i) x+2%+15x=15x < X3 +2*°=0< X (x-2)=0=x=2
ORbyGDC x=2
Area =115 (3s.f.)

(i)  f'(x) = cos x (2sin x cos x) —sin x (sin x)? = sin x{2 cos? x — sin? x}
(i) f'(X)=0=sinx{2 cos? x —sin? x} = 0 = sin x{3cos?x -1} =0

=3c0s2Xx—1=0=cosX=% (%)

At A, f(x) > 0, hence cos x = (i)

3 1 )

(iii)  f(x) = (sin x)? cos x = (1-cos’ x) cos X = (1— \ = (= \[1)
C Y 2

IS

&
e

N



© () j(cosx)(sin x)zdx=lsin3 X+C

3
(i)  Area= J."/Z (cosx)(sin x)? dx = i [(sin E)S —(sin 0)3] = E
0 Sﬂ 2) j 3
® O f'(x) = 2sin x cos? x —sin® x
f ’(x) = 2c0s X cOS* X + 2sin X(—2 cos X sin X) — 3sin® X cos X
= 2¢0s® x —4cos xsin? x —3sin? x cos x
=2¢0s% x —7¢os xsin? x = 2cos® x — 7 cos X(1- cos? X)
=9(cos x)® —7cos X
(i)  AtCf”(X)=0<«>9cos®x—7 cos x =0« cos x(9cos?> x—7) =0

—x=" (reject) or cos? x =Z

2 9
COSX=£
3 1
4. (a) ﬁWWJAvN=4@erlM4F4a4@
0 LS ™ k k
() k=05
(i)
y
~ 0
1

(if)  Shading (see graph)
1
(iii) Area= [e¥dx= = (1-¢%) OR Area=0.787 (3sf)
0 05
dy I
© () — =k
dx
() x=1 y=08 —08=e*=In08=-k=k=—In0.8 (=0.223)
iy Atx=1 Y =08nos or ¥ =_0178(0r-0.79)
dx dx
5. @ () 0= - x4l
2 (1)

f'(2) = - 2, gradient of the normal |

2
y—S:E(x—Z) (ory:£x+2\ \2
> L2
(ii) —Ex2+x+4:£x+2<:>3x2—2x—8=0<:>x=—A;(:—l.SS)
24( 3 2\ 1 1 P
®) () j—_x2+x+4ydx,|—_x3+_x2+4xJ
a4 ) L 4 2 "

45
(i) Area= 7(211-25) (accept 11.3)



46. (@ AtA,x=0 = y=sin(e% =sin (1) = coordinates of A =(0,0.841)
(b) sinEe)=0= e*=n= x=Inn(ork=mn)
() (i) Maximum value of sin function=1

d
(ii) Y = excos (e
dx
d_y: 0 = e*cos (eX) = 0 = e*= 0 (impossible) or cos (*) = 0
dx

= X:E =| TE_
>e = X=1In
2 2

(@ (area= ["sin(e*)ox = 0.90585 = 0.906 (3 5£)
0

47. (@) (i) fr(x)=-22
@iy f'(x)is alwayls negative

(by (i) y=1+e EZ1l+e
(ii) f’[— EJ=—2e2x2=2e

2
(© y—(l+e):—2e(x+1\
L 2)
y=-2ex+1(y=-544x+1)
(d)
() (i)
N~ N~
\
y
-8
6
P -4
o
S ; >

0 [ 1 10

(iv) Area= fl [(1+e 2)— (~2ex)dx = j [(e 2 + 2ex)dx = f?e*“ re s
2

1
2 2

=0.1795...=0.180 (3s.f)
OR directly by GDC Area=0.180

11



48.

49.

50.

@
(b)

(©

@)
(b)

©

(d)

@

(b)
(©

(d)

a=1l-n b=l+=xn

O [,.h00dx-[ hodx OR [, hoodxe| [Fheox]

(i)  5.141..— (-0.1585...) = 5.30
() y=0973 (i) -0.240 <k <0.973

i f'=—=x+2 (i) f'(0)=2
y-intercept: Atx=0,y= 2.5
. . 1.
Gradient of tangent = f/(0) = 2 = gradient of normal = ) (=-0.5)
the normal is y—2.5=-0.5(x-0) < (y=-0.5x+25
(i) EITHER solving —0.5x? + 2x + 25=-05x+25«< x=0 or x=5

OR
yA

g(x)

N ;(

Curvesintersectatx=0,x=5
(i)  Curve and normal intersect whenx =0 or x=5
Other pointiswhenx =5 = y =-0.5(5) + 2.5 =0 (so other point (5, 0)

. _ (5 _ (" 1 )
(i) Ama_j (fay-m@mx_j (-0.5x2 + 2x + 2.5)dx — £ x5x 2.5
0 0 2 J
(the second integral is the area of triangle)
Giy A1=20a,-20
3 4

Area=20 25 _125 (1 104 (35 1)
3 4 12

intersection pointsatx =—land x=1

! 2
.[ " (1- x*)dx

-1
f(0) =1. Thus P(0,1)
f' (0) = 1, gradient of the normal = -1
y-1=-1x-0)oy-l=xosy=xX+lox+ty=1
(i) intersection pointsatx=0andx=1

f:(ex(l_xz)—(l—x))dx OR I:f(x)dX—I:(l—x)dx
(i) areaR=05

12



51.

52.

@

(b)

(©
(d)

@)

(b)

(©

(d)

i f'x)=2e>+(2x+1)(-e™) =(1-2x)e~*
(i) AtQ,f'(x)=0

x=0.5,y=2e% Qis (0.5 2679
1<k<2e05

AtR,y=7e2(=0.34850..)
e -1

Gradient of (PR) is (=-0.2172)

(78 -1)
IXx+1 OR y=-0.2172x+1

3
of ()7e‘3 1)

-X

Equation of (PR) isy = |

Shaded area is 0‘\(2)( +1)e _ L 3 X +1)|)||dx = 0.529
kj /)

e

N\ Y
b N /K\;\ ------- =

(i)  (2,0) (acceptx=2)
(i)  period =8

(iii) amplitude =5
(i) (2,0),(8,0) (acceptx=2,x=18)
(i)  x =5 (must be an equation)

intersect whenx=2and x =6.7,
area = 6'79?((3—0.5X2 +5x -8 - (9 T \\ =276
_L | L50054x i
\ J)

13



53.

54.

55.

(@)

(b)

(©

(@)

(b)

(@)
(b)

©)

(i) (Vertical asymptote) X = 2, (Horizontal asymptote) y =3
i) 3Xx+Ihx-2)+C

(i) [Bx+In(x-2)f,=(15+In3)-(@+In1)=6+In3
See graph

5
limitsx =0,x =5, area:J'Of(x)dx =591
a |—aX2 3 a 3
X a
area is Ix(a—x)dx: | ___} -
0 |_ 2 2

a3
3 |, 3

a® a‘t
= =521< a%=6x521«<a=6.79

ax) - "¥ = gy
)% +1  x2+1

f(—x) =
) (

f'"x) =0« 2ax(x*-3)=0«< x=0o0r x*=3
©,0), [\/5 ﬂj I{— J3- a—‘/ﬂ
4 4)
) Ja 7
(i) area= _|n«2 +1)} =
(i) ImeEyi_hod%e% not change the area: jgf (x-1)dx = Lf (x)dx, & 5

2 n50-1In10) = 2ins
2

3 2

4 3 2
the factor of 2 doubles the area: J 2f(x-1)dx = 2[ gf( —1)dx
X

4 4

{: 2f3 't (x)dx}
jfzf (x-1)dx =aln5

METHOD 2
dw

changing variable: letw=x-1,s0 __ =1
dx

2a In(w? +1) +¢

2
Limits: when x=4 = w =3, whenx=8 =>w=7,

Integral = 2J'f (w)dw =

8
J'42f(x—1)dx = [aln(w2 +1)]; =aln50-aln10 =aln5

14



56.

57.

58.

@

(b)

(@)

(b)

(©

(d)

()
(@)
(b)

(©

(d)

yi-y, f(@-0 a’-0 ad

(i) ogradient= = 7 — -
X1 — X a-_ a_2 a—2
3 3 3
(i) f'(x)=3x f'@a)=3a2
, o 2) 3 3 2 3 3 2
(i) 3a°= — <3 (a—gJ:a < 3a -2a =a < 2a -2a =0
873
<2a’(@a-1)=0«<a=1
k
Area = j" (X3 —3x +2)dx,= rl_x4 —EXZ +2x_||
. 2 {4 12 3 15
f k- k2+2k\—(4—6—4) =Tk -TKk2 42k +6
\4 2 ) 4 2
ik4—ik2+2k +6=2k+4
4 2
Ek4—ik2+2=0
4 2
k*-6k?+8=0
(i) sinx=0<x=0,x==x
(ii) sinx=—1<:x=3_n
2
3n
2
3n
k:17(6+65in x)dx =[ 6x —6cos x ]¥"/2= 6!(3—n —6005!(3—77: —(-6c0s0)
0 0 kz KZ
k=91 +6
(n)
translation of |L5{
)
the area under g is the same as the shaded region in f
T
p=_p=0
2
13=Ae’+3 < 13=A+3 < A=10 ( 1n0.049)
f(15) = 3.49 < 3.49 = 108’5 + 3 & k = ~0.201 Laccept haslY
15 )

(i)  f(x) = 10 020X + 3
f(x) = 10020 x —0,201 = —2.01e 020k

(i)  f'(x) <0, derivative always negative

(i) y=3

finding limits 3.8953..., 8.6940...
8.69 8.69

Area = I g(x) — f (x)dx, I [(—x? +12x — 24) — (10e 020X 4+ 3)]dx = 19.5
3.90 3.90

15



59.

(@)

(b)

(©

(d)

O

9(x)
4 3 5 6
64 f(x)

(i)  x=-3isthe vertical asymptote.
(ii)  x-intercept: x=4.39 (=€?-3)

y-intercept: y =-0.901 (=1In3 - 2)
f(x) = 9(x)
x=-1.340rx=3.05
(i)  Seegraph
(i) AreaofA= Ij'05(4 (- X)z) —(In(x + 3) - 2) dx
(iif) Areaof A=10.6
y =f(x) —9(x)
y=5+2x—x2—In(x + 3)
dy =2-2X— 1
dx X+3
Maximum occurs when ﬂ =0
dx
1

2-2X= ——
X+3

5-4x-2x*=0

x=0.871

y =4.63

OR

Vertical distance is the difference f(x) — g(x).
Maximum of f(x) — g(x) occurs at x = 0.871.

The maximum value is 4.63.
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(b)

(©

(d)

=9 (¥

area AOPQ < area of region A < area of rectangle OSRQ
E (1)(p) < area of region A < (p)(1)
2

B <areaofregionA<p
2
Solving the equation e P —eP +1=0 using a calculator gives
p =0.6937 (4 decimal places)
OR the value of p may be found as follows:

2 2
e =eP 1= g2 —gf _1=0

ep2=1+"1+ P — 1+\/5 since e”” >0

= Thisgivesp= f ~ 0.6937 (4 decimal places)
p

Area of region A = {e —L —1 dx 0.467 (using a GDC)
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