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EXERCISES [MAA 4.12]
CONTINUOUS DISTRIBUTIONS IN GENERAL

0.

Practice questions

1.

[Maximum mark: 10] [without GDC]

The continuous random variable X has probability density function

!Exz, for 0<x<3
f(x)=19

| 0, otherwise
(@) Confirm that f(X) is a pdf.

(b) Findthevaluesof () P(X=2) (i) P(X<2) (i) P(X<2)

(c) Find the mean p =E(X).

3]
[4]
3]



2.

[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

[Maximum mark: 12]  [with / without GDC]

The continuous random variable X has probability density function

@)
(b)

(©)
(d)
(e)

6x —6x2, for 0<x<1
f(x) =
| 0, otherwise
FS v
; b
1
Show that l f (X)dx =1.
Find P|(X < l\|.
Z
\ )

Write down the mean p = E(X), the median and the mode.
Find E(X?).
Find Var(X).

3]
(2]

3]
(2]
(2]



[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

3. [Maximum mark: 11] [without GDC]
The continuous random variable X has probability density function
0.2, for 0<x<a
f(x)= :
0, otherwise

which is shown in the diagram below (it is known as uniform distribution).

I i
02 »

T
(&) Find the value of a. 2]
(b) Find P(X =2) and P(X <2). [3]
(c) Findthe meanof X. [2]
(d) Find E(X?) and hence Var(X). [4]



[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

4, [Maximum mark: 25] [with GDC]
The continuous random variable X has probability density function
x—ax3, for 0<x<2
f(x)=
| 0, otherwise

The graph of f is shown in the diagram below.

F 9

i ! >
(@) Show that a = %. 3]
(b) Find P(X <1) and P(X >1). 3]
(c) Find the mean of X . 2]
(d) Find E(X?2) and hence Var(X). [3]
(e) Find (i) the median. (i) Q (i) Qs 6]
()  Show that the mode is 2B [4]
(@ Find E@2X +3). ’ [2]
(hy Find E(X2+1). 2]
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[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

5. [Maximum mark: 23]  [with GDC]

The continuous random variable X has probability density function

x+1 for — 2 <x<0

||7 3
f(x)=J1- for 0<x<1
1 otherwise

which is shown in the diagram below.

y
1
)
-1 1
(@) Justify that f is a pdf. [3]
(b) Find P(X >0.5). [2]
(c) Find the mean of X . [3]
(d) Find E(X?) and hence Var(X). [5]
(e) Find EQ2X +1). 2]
()  Write down the mode. [1]
(g) Find the median and the quartiles Q1 and Qs. [7]
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[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

A.

Exam style questions (SHORT)

6.

[Maximum mark: 12]  [with GDC]

The continuous random variable X has probability density function

@
(b)
(©
(d)

1
f(x):EX(1+X2)’ for 0<x<2
f(x)=0 otherwise.

Sketch the graph of ffor 0<x<2.
Write down the mode of X .

Find the mean of X .
Find the median of X .

(2]
[1]
[4]
[5]



[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

[Maximum mark: 8] [with / without GDC]

Let f(X) be the probability density function for a random variable X , where
(kx2, for 0<x<2

HOES

| 0, otherwise
(@) Showthat k= E (2]

(b) Calculate 0 E(X); (i) the median of X . [6]

[Maximum mark: 6] [with GDC]
A continuous random variable X has probability density function

12x?(1-x), for 0<x<1
f(x)=

|l O otherwise

Find the probability that X lies between the mean and the mode.



[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

9. [Maximum mark: 7] [with GDC]

A continuous random variable X has a probability density function given by

[(x +1)3
f(X)=)"60 for 1<x<3
| O otherwise
(@ Find P(1.5< X <£25); 2]
(b) Find E(X); (2]
(c) Find the median of X . [3]

10. [Maximum mark: 6] [without GDC]

A continuous random variable X has probability density function f defined by

f00-1°

10, otherwise

X

for 0<x<In2

Find the exact value of E(X).



[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

11.

12,

[Maximum mark: 6] [without GDC]

A continuous random variable )% ha%probability density function f given by

, for 0<x<2
(00 - |70 78
|L 0, otherwise
(a) State the mode of X . [1]
(b)  Find the exact value of E(X). [5]

[Maximum mark: 6] [without GDC]
Let f(X) be asabove [see question 11]

(a) Justify that f is a pdf
(b) Find E(X2).



[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

13. [Maximum mark: 6] [without GDC]

The probability density function f (X) of the continuous random variable X is defined

on the interval [0, a] by

(1

—X for 0<x<3

f(x)= 27

@ for 3<x<a

Find the value of a.

14. [Maximum mark: 6] [with GDC]

Let f(X) be as above [see question 13]

Find the mean and the median of X .



[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

15. [Maximum mark: 8] [without GDC]

The random variable T has the probability density function

f()= " COS@\,—lgtﬂ_

4 (2)
(@ Find P(T =0) . [1]
(b) Find the interquartile range. [5]
(c) Write down
(i) the mean (i) the median 2]



[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

16.

[Maximum mark: 10]  [with / without GDC]

The continuous random variable X has probability density function

[ x for 0<x<k
f)=11+x2
|L0, otherwise
() Find the exact value of k. [5]
(b) Find the mode of X . [2]
(c) Calculate P(1< X <£2). [3]



[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

17.

18.

[Maximum mark: 9] [with GDC]
The time, T minutes, required by candidates to answer a question in a mathematics
examination has probability density function

(1
|~ (12t-12 -20), for 4<t<10

ft)= 172
L 0, otherwise
(@ Find () p,theexpectedvalueof T ; (i) o2, thevarianceof T. [6]

(b) A candidate is chosen at random. Find the probability that the time taken by this
candidate to answer the question lies in the interval [u—c, u]. [3]

[Maximum mark: 6] [with GDC]
The lifetime of a particular component of a solar cellis Y years, where Y is a

continuous random variable with probability density function f(y)=0.5e7¥/2, y>0.

(@) Find the probability, correct to four significant figures, that a given component fails
within six months. [3]

Each solar cell has three components which work independently and the cell will
continue to run if at least two of the components continue to work.

(b) Find the probability that a solar cell fails within six months. [3]
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B.

Exam style questions (LONG)

19.

[Maximum mark: 12]  [with GDC]

A continuous random variable X has probability gensity function defined by
C for — <x<£2
( 2 1 O r— \/§
f(X)=14+x V3

L0, otherwise

(@) Find the exact value of the constant € interms of .

(b) Sketch the graph of f(X) and hence state the mode of the distribution.

(c) Findthe exact value of E(X).

[5]
3]
[4]



20.

[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

[Maximum mark: 20] [without GDC]

The probability density function of the random variable X is given by

[k

| , for0<x<1
f(x)= e

| O otherwise.

(a) Find the value of the constant Kk .

(b)  Show that E(X)= 6(2;\/5)
T

1
(c) Determine whether the median of X is less than > or greater than

N -

[5]
[7]
[8]
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21.

[Maximum mark: 17] [with GDC]

The continuous random variable X has probability density function f(X) where

f(x):%( e—ke®, 0<x<1

Lo, otherwise
(@) Show that k =1. (3]
(b) What is the probability that the random variable X has a value that lies between
i and i‘? Give your answer exactly, interms of e. [2]

(c) Find the mean and variance of the distribution. Give your answers exactly, in

terms of e. [6]

The random variable X above represents the lifetime, in years, of a certain type of

battery.

(d) Find the probability that a battery lasts more than six months. [2]

A calculator is fitted with three of these batteries. Each battery fails independently of the

other two. Find the probability that at the end of six months
(e) none of the batteries has failed; [2]

(f)  exactly one of the batteries has failed. [2]
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22.

[MAA 4.12] CONTINUOUS DISTRIBUTIONS IN GENERAL

[Maximum mark: 13] [with GDC]

(@)

(b)

Use integration by parts to show that

IZX arctan xdx = (x2 +1)arctanx— x+ C , where C is a constant.
The probability density function of the random variable X is defined by

!E—Zxarctan X, 0<x<1
f(x)=

2
| 0, otherwise
The value of a is such that P(X <a) = i
4

()  Show that a satisfies the equation a(2n+4) =3+4(a?+1)arctana.

(i)  Findthe value of a.

[6]

[7]



