[MAA 2.4-2.5] COMPOSITION - INVERSE FUNCTION

SOLUTIONS

O. Practice questions

1. (@ (fog)(x)=10-10x, (go f)(x)=50-10x
o ="
(b) 5
© g7'(10)=2
1 10-5 o 50 —
@ (o90=""2 @)=
(® (fof))=4x-10 (gog)(x) =25
2.
Original function Inverse function
f(x)=x+5 f1(x)=x-5
f(x)=x-5 f1(x)=x+5
f (x) = x+100 f 1(x) = x-100
f (x) =3x f1(x)=x/3
f(x)=x/5 f (x) =5x
f(x)=x f1(x) =3
F() =3x+100 | fi(x)= X100
3. @ (@) f@)=3 (i) f'(1)=5
(b) x=6
(e x=4
4. (@) 9g(3)=1 f1(3)=4
(b)  (fog)(2) = -1
(©)  (909)3) =5
d x=1 g
5. L=y<:>x=xy+5y©x(1—y):5y®x=L
X+5 1-y
g B o T
: (X)_l—x . x—1)
6. METHOD A
x 23 8 4
@ (gof)X) = R Hence (g o f)(3) = 517 = 6—= 'S
(b) X sy yx-2)=x = yx-2y=x=>x({y-1) =2y = x= 2_y

X—-2 y-1



9700 =

x-1
10
Hence g~*(5) = =25
(5—1)
METHOD B & 4
@ f@)=8, (@°f)B) =9(@) = _=_
X 6 3 5
(b) =5 x=5x-10 4 =10 x="
X—2 2
1 5
Hence 9 () = 5 =25

(@) parabola between x=0andx=3
() 0<x<3 0<y<9

© y=+vx
(d)

graph symmetric about the line y = x

)

@) (i) f(0)=-2 (i) f(2)=0 (i) f(4)=2
() () f3(3)=5 (i) f3(8)=6 (i) fi(-1)=1 (v) f*(0)=2

(c) x=2
d) x=4
| o
—t
/
(a) %:y<:>3xy—2y=2x—3<:>3xy—2x=2y—3
X_
2y -3

< xQ@By-2)=2y-3<=x=
3y—-2



2x—3
=f(x
3x-2 )

Hence f(x) =

2x-3
M) (fof))o X=2 _22x=3)-3@3x-2) -5x
(fof)x) 23, ax-3)-20x2) 5
3x-2
10, @ 0= ¥x

(b)  f(g()) =x+1=[gPP=x+1

sog(x) = x+1
ORg=f7o(fog) sogi)= ¥x+1

=X

(b)  gf(x)) =x+1=g(x°) =x+1
sog(x) = Ux +1
OR g=(gof)of?tsogx= ¥x+1

11. (@ f=hog™
() g=f"oh
(¢ g=flokoht

A. Exam style questions (SHORT)

2 @ (egm=—232 15010
(3x-2)-4 3x-6

(b) numerator = 0 = M1) x="2 (=0.667)
3

13. (@) (feg):x = 3(x+2)(=3x+6)
(b) METHOD1

fi(x) = § g0 =x~2

119y = 18 — “1019) = —

f118)=18=6 gi(18)=18-2=16
3

f-1(18) + g(18) = 6 +16 = 22

METHOD 2

3x=18,x+2=18

X=6,x=16

f1(18) + g (18) = 6 +16 = 22
14, (@) y=2x+1 :>X=)2L17 fl(X):XT_l

() 9(f(-2)=0(-3)=3(-32 -4 =23



(€ f(gm)="fEx-4) =203 -4)+1=6x2 -7
15, 3-2X =5 3-2x=25< 2x=22 <> x=-11

OR

Lety= V3—-2Xx =>y2=3-2x=>x= 3—2y2

3- 3-25

2
=1 = TX =fiE)= ==

16. () METHOD1
f@=v7 (9°H@=7
METHOD 2
(@°H(X)= Jx+a =x+4
(9°-H(@)=7

B) y=Vx+d=y=x+4=>x=y-4
flx)=x>-4
() x=0

17. (@) METHOD1
f(-2)=-12
(9°f)(-2)=9g(-12)=-24
METHOD 2
(g°f) (x) =2x°-8
(g-f)(-2)=-24

b)) y=x*-4d=y+4=x*= x=3/y+4

£700 = Y(x+4)

18. (@) METHOD1

(fea)(@)=f(g(4)=f(1)=2
METHOD 2

(Foq) ()= —>— so0 (fog)(4)=2
X—-3

1 1
(b) Lety= S>yx-3)=1= X-3= :>x=1+3 |(:1+3y

x-3 y
g = lia |(=1+3X\|

X L x )
(c) x=0 (or R\{0})

19. (@ Forf1(2), 3x+5=2= x=-1
f42)=-1
(b) 9(f(-4)=9(-12+5)=9(-7) =2(1+7)=16

y

\

y

)

|
)



20.

21.

22.

23.

24.

25.

26.

@)
(b)
©

@

(b)

@

(b)

@)

(b)
©

@
(b)

@

(b)

(g-f)(X) =2cos x +1
(f-g) (x) =2cos(2x + 1)

@togx)=x, (@og™h(X) =x

y= _6_X:>x:6—2y:>g*1(x):6—2x

2

(F- g () = 4[(6 — 2x) —1] = 4(5 —2x) = 20 —

20-8x=4< B8x=16=>x=2

y=2x-3=2x=y+3= x= )13

METHOD 1

9(4)=5= f(5) =25

METHOD 2

fog(x)=(2x—3)?
fog(d)=(2x4-3)2=25
(gef)(X)=7-2x+3=10-2x
glx)=x-3

METHOD 1

g'(6)=2

f(2)=3

METHOD 2
(fegM)(X)=7-2(x—3)=13-2x
(feg™)(5)=3

h(x) = f(2x — 5) = 6x — 15

y+15

6x—15=y=>6x=y+15=> x=

hfl(X)= x+15
6

f1(x) =x2
(fre-g)(x) =f (29 =2
2%=16=>2x=4=>x=2

X+5

f_l(X)=T gr(X)=x+2

X+3

(feg) (0 = 5 (gl f) (X) =3x-3 <

X+ 3 12

3

=3 -3 &X+3=NX%X-9<x=__ =
8

8x

g =

X+3

+
2



27.

28.

29.

30.

31

32.

4
@ M@:mfa»zg_;4

+2
4 4 4
b)) V= — 1= y+l=——=x42=——=>x=— "2
X+2 X+2 y+1
4 2-2x
Hence hi(x) = —— 2 (or —==)
X+1 X+1
(feg):ix = x¥+1
(feo)tix (x—1)~8
X
*+t X
@ g =(F-H)= =
+1 2x+1
x+1
_(2)_2
b (@ 93 —9L5|— 9
J
(a
x—4
y=
’ x+2
xy+2y=3x—-4
simplifying x(y-3)=-2y -4
. . . 2y +4
expressing y in terms of x, x = 1
-y
Iy 4+
interchanging xand y, v = -;‘ 3
3—X
2X+
==
3—X

(b) Domamnx=3

@ f(X)=(x-3)2+4=x2—6x+9+4 =x2—6x +13
() y=(xx-3)2+4
y—4=(x—23)2
mzx—3
m+3=x
= f3x)= Vx—4 +3
(c) x=3 andy=>4
(d x>4andy=>3
@ (fefH)D)=F(fQ)=1(B)=2
() (@*ef)4)= g (f(A4)=97"(1)=3
() f@X)=1s0 g(x)=4,s0 x=1

(d (9 10g)2) =2



33.

34.

35.

36.

'Y
L4

143, }-
J.: f ,
g r 5
8 Loy
;i [ s
¥ ! ,
6 ,_F'_'_,...-l-"'“'"-‘
? A
N #
- ’,
i P
'. 1 ,f IL
-3 -2 - 1’ & 8 8 10 r
/’_l
’, '3 hd
@ (fog)X)=+vxXe+x-2
X2 4+x-2>0
y=x2 +x-2
72\/ 1
a=-2,b=1

(b) rangeisy=0

(a) inboth cases it is the x-coordinate of the vertex.
b
EITHER by the formula X=—__ OR by GDC graph, minimum
2a
(iya=2, (i) b=2
(o) EITHERbysolving f(X) =7 < 3x? —=12x+7 =7 OR by GDC graph x-CAL

(i) fY7)=4, (i) g(7)=0
METHOD A
We firstly find f 1(x) = &/x+1
(@ g=flo(fog), sog()=3ix+2
B g=(@of)ef™t sog(x)=23x+1+1

METHOD B
@ fex)=x+1=[gxI-1=2x+1, sog(x)=2x+2
() g(f(x)=2x+1=g(*1)=2x+1

Set y =x3-1, then x =\3/y_+1, so g(x) = 23 X +1 +1



37.

38.

39.

x+1
g (x)=——
2
.\‘*l‘l
. | 7
[(x)=]cgog (x)=—=;
_.\'+3
T4
e 3V4.3
f'(x-_l):(" 3)+2
.
4
2
Lety= X 1 2 2
=>yx +ty=x -1
1Y y1+
xz(l_y):1+y:>X2: y:>x:i l+y
1-y 1-y
. 71 1+x
Interchanging, f=(x)=— —1
— X

() Byusing GDC, graph, x-CAL OR SolveN
() f(1)=0, (i) f2(0)=-0.682, (i) f(2)=0.682.
(b) Since f(x)= f1(x) = x, we solve instead, f (x) = x
EITHER by graph, OR by SolveN OR analytically X3 +Xx+1=Xx < x3 =-1

The solution is X =-1

B. Exam style questions (LONG)

40.

@ (fof)0)=f(1)=-5
by f(X)=2(x-2)>-7

© y=-7

d)  fix)=2- X—j

() Domain: x> —7, Range: y <2



x -1

41. (a) Weshow that fx) = 3
X —

(B) (fof)K) =k
-16

© (fog)(-2)="f(-5)=_—_=2.

(d) -5<x<6.

wY

42.
(a) f g(x) =(ax+b+2) -3
=a'x’ +abx+2ax+abx+b* +2b+2ax +2b+4 -3
=a’x* +x(2ab+4a)+(h* +4b+1)
2.2 g 2 3
=ax +x(2ab+4a)+(h +4b+1)=4x" +6x— 3
Equating coefficients of x* gives a® =4
= a=2,since a>0
Equating coefficients of x gives 2ab+4a =0
=2a(b+2)=6
=4(h+2)=6
= b= 4
2
(b) h k(x) =5(cx" —=x+2)+2=0
= Scx’ —5x+10+2=0
=Scx’ —5x+12=0
Condition for real equal roots is: b* —4ac =0
= 25-240c=0
5
=>e=—
48
43. (1) x=-1

(b)  fF7(x)=(x-1)* -1=x* —2x
()  h(x)=(x?—2x)?
(d) k() =x*—2x2



44,

@ f7(x)=(x-1)%.

(b) x>1, y>0
(c) .
’ /
. [/
) / !

[5=]

N
N
- M

(d) Wesolve f(x)=x OR f(x)=x

3+\/§

X = :
2

10



