[MAA 1.9] MATHEMATICAL INDUCTION

SOLUTIONS
O. Practice questions
12 x 22
1. (@ Forn=1, LHS=13=1, RHS = =1
3 3 22 ><32
Forn=2, LHS=1 +2 =9, RHS = =9
3 3 3 32 ><42
Forn=3, LHS=1 +2 +3 =36, RHS = =36
3 3 3 3 202 X 212
b 1+2 +3 +-4+20 ZT =100x441= 44100
2 2
(¢) The inequality takes the form M > 1000000
The equation (by using SolveN) gives .
Hence n =45
2. For n=1, itis true since
3 12 X 22
LHS=1 =1, RHS = =1
Assume it is true for n=Kk,
k
k2 (k +1)?
. s WL
that is ;r = 1
Prove it is true for n =k +1,
k+1 2 2
that is Z r= (e 1)k +2)
r=1 4
Indeed,
k k2 (k +1)?
LHS = Z PP+ Kk+1)° = — +(k +1)° [by assumption]
~ k2(k+1)> +4(k +1)°
4
(k +1)°[k? +4(k +1)] (K +1)’[k?2 +4k +4)] (kK +1)?(k +2)? )
= = = [as required].
4 4

The statement is true for n =1 and assuming it is true for n =K it is also true for n=k +1.

Thus, by mathematical induction, the statement is true forany ne* *.



A-B. Exam style questions (SHORT OR LONG)

DIVISIBILITY

3. Forn=1,10'-1=9, which isamultiple of 9.
Assume it is true for n =k, that is 10 —1=9a, with ae Z (i.e. itisamultiple of 9)
Prove it is true for n =k +1, that is 101 —1 is a multiple of 9.
Indeed,
10k —1=10x10% —1=10x(%9a +1) -1 [by assumption]
=90a+9 =9(10a +1) which is a multiple of 9. [as required]
The statement is true for n =1 and assuming it is true for n =K itisalsotrue for n=k +1.

Thus, by mathematical induction, the statement is true forany ne+ *.

4.  Forn=1,1%+2x1=3, which isa multiple of 3.
Assume itis true for n =k, thatis k®+2k =3a, with ae Z (i.e. itisa multiple of 3)
Prove itis true for n=Kk +1, thatis (k +1)° + 2(k +1) is a multiple of 3.
Indeed,
(k+1)% +2(k +1) =k® +3k? +3k +1+ 2k +2 =k*+3k? +5k +3

=3a—2k +3k? +5k +3 [by assumption]
=3a+3k?+3k+3
=3(a+k?+k+1) which is a multiple of 3. [as required]

The statement is true for n =1 and assuming it is true for n=XK itisalso true for n=k +1.
Thus, by mathematical induction, the statement is true forany ne+ *.
5. Statement: 5" + 3 is divisible by 4.
For n = 1, the statement is true, since 5° + 3 = 8 is divisible by 4.
We assume that the statement is true for n = k, i.e. 5% + 3 is divisible by 4,
say 5 + 3 = 4a (where a is an integer)
We shall show that the statement is true for n = k +1, i.e. 5¢*! + 3 is divisible by 4.
Indeed,
51+ 3=5(5+3=5(4a—-3)+3 [by assumption]
=20a— 12 = 4(5a — 3) which is divisible by 4. [as required]

The statement is true for n =1 and assuming it is true for n =K itisalso true for n=k +1.

Therefore, by mathematical induction, 5" + 3 is divisible by 4 forn € Z "



Statement: 22" — 3n — 1 is divisible by 9.
For n = 1, the statement is true, since 22 — 3 — 1 = 0 which is divisible by 9.
Assume it is true for n =Kk, i.e. 2% — 3k — 1=9a (divisible by 9).
We shall show that it is true for n =k +1, i.e. 22V —3(k + 1) — 1 is divisible by 9.
Indeed,
226+) _ 3(k + 1) — 1= 4(2%) — 3k — 4
=4(9a+3k+1) — 3k —4 [by assumption]
=36a +12k +4 -3k -4
= 36a +9k
=9(4a + k) which is divisible by 9.
The statement is true for n =1 and assuming it is true for N =K it is also true for n=k +1.

Thus, by mathematical induction, the statement is true forany ne* *.

Let f(n) =5" + 9" + 2 and let P, be the proposition that f(n) is divisible by 4.
Then f(1) = 16. So P1 is true
Let P, be true for n =k ie f(k) is divisible by 4
Consider f(k + 1) =51 + 91 + 2 = BK(4 + 1) + 98 + 1) + 2
=f(k) + 4(5% + 2 x &)
Both terms are divisible by 4 so f(k +1) is divisible by 4.

N
Since Py is true, and Py true = Py true, P, is proved true by mathematical induction forne Z .

Let P(n) be the proposition 12" + 2(5"") is a multiple of 7

When n=1 12'+2(5") =14 (which i1s a multiple of 7)

- P(1) 1s true

Assume P(k) is true,

ie 12 +2(5"Y=Tm meZ*

For n=k+1 12" +2(5")=12(12")+2(5")
=12(7m-2x5")+2x5"
=12(7Tm-2x5"")+10x 5"
=12(7Tm)-24(5"")+10(5"")
=7(12m-2x5"")

2121+ 2(5%) 1s a multiple of 7

X

So P(k)istrue = P(k +1) istrue. and P(1) is true.
Hence by induction P(n) is true,



SERIES

9. For n= JI the statement is true since
P 1x2x3

LHS:Zr =1 =1, RHS= =1
- C o, k(K +1)(2K +1)
Assume it is true for n =Kk, thatis Z r = —
r=1
ea, (k+D)(k +2)(@2k+3)
Prove itistrue for n=Kk +1, that i =
at is Z;r 5
Indeed,
k+1 k
> Z; r2+(k+1)2 = Kk +1)@2k+1) +(k +1)2  [by assumption]
=1 r= 6
_ k(k+1)(2k +1) +6(k +1)?
6
C(k+D)[k(2k +1) +6(k +1)]
6
(k+1)|[2k2+k+6k+61]
B 6
(k+1)[| 2k2+ 7k + 61|
B 6
_ (k+1)(k +2)(2k +3)

[hint: even if you cannot see it, write it down, since

6
this is what you expect! %]
The statement is true for n =1 and assuming it is true for N =K itisalso true for n=k +1.

Therefore, by mathematical induction, 5" + 3 is divisible by 4 forn € Z +.

10.  Similar

11. Forn=]l,

l_ .
LHS=a and RHs=20"")

=a
I—r

Hence the result is true for n=1
Assume it is true for n=4k

4 } a(l—r")
atar+ar +..+ar’ =

l—r
Consider n=k +1:
p_a(l=r")

1 1 A
a+ar+ar - +..+ar  +ar = +ar
l—r

_u(l—-r‘ y+ar' (1-r)

l—r

A ; A+l
_@a@—ar +ar —ar

l—r
(l“—l‘“I )
=
The result is true for n=k = itistrue for n=4k+1 and as it is true for n=1,
the result 1s proved by mathematical induction.



12.  Let P(n) be the proposition for any n.
For n=1
(1+1)2" =2(1)=2
(Hx2'=2
Therefore P(1) is true.

[
Assume P(k) 1s true Le. Z(r+l)2"’ =kx2'
}

£+l A
Then Z(H—I)Z"' =Z(r+l)2"' +(k+1+1)2
I I

=kx2' +(k+2)2*
=2k +1)

Therefore,
P (k) true = P(k +1) true, since P(l) is true. then P(n)is true.

13. (a) Let P(n) be the proposition for any n.
: 1 | | .
P(”’Z(zr—n(zrn) =3 e B troe
Assume that P(k) 1s true
P(k+l):‘zdl L = k + !
=~ (2r-D2r+1) (2k+1) (2k+1)(2k+3)
_ k(2k+3)+1
T2k +1)(2k +3)
_ (k+1)(2k+1)
T (2k+1)(2k +3)
(k<1
T (2k+1)+1
Therefore P(1) istrueand P(k)=P(k+1) so P(n) istrue VneZ .
= 1
= (2r-D(2r+1)

(b) Checking that —I-+—-l-+-—l— 1s the same as
3 1% 35

(e.g. substitute r=1.2)
Sum is therefore sum of (n+1) terms
(n+1)
C2(n+)+1
_n+l
243

14.
(a) If n=1,then ()(1)=(1+1)!-1 is true
Assume true for n=k
= (NN +2)2N+...+ (K)ED=(k+1)!-1
Add the next term (k +1)(k +1)! to both sides
(M +Q)2N) +.+ () EY+(k+ D)k + D) =(k+1)!=1+(k+1)(k+1)
=(k+)I[1+k+1]-1
=(k+2)!-1
True for k = True for k +1 and since true for n=1, result proved by
mathematical induction.
(b)  (n+1)!—1>1000000000
(n+1)!> 1000000001
from GDC minimum value of n=12



15.

16.

17.

18.

SEQUENCES

Statement: u, =u;, +(n-1)d

For n=1, the statement is true since LHS=u;, RHS=u,+0d=u,.

Assume it is true for n =k, thatis u, =u, + (k-1)d

Prove itis true for n=k+1, thatis u,,, =u, +kd

Indeed,

U =U+d =u +(k-1)d+d =u, +kd —d +d =u, + kd

The statement is true for n =1 and assuming itis true for n =K itisalso true for n=k +1.

Therefore, by mathematical induction the statement is true for any integer ne Z™.
Similar.

Given: u; =10, U, =2u, +2

Statement: u, = 3(2)™* -2

For n=1, the statement is true since

LHS=u, =10, RHS=3(2)2-2=10.

Assume it is true for n =k, thatis u, =3(2)x* -2

Proveitistruefor n=k+1, thatis u,,, = 3(2)*? -2
Indeed,

Uy =2U, +2=2(3(2)* -2)+2 [by assumption]
=3(2)?-4+2
=3(2)x? -2
The statement is true for n =1 and assuming it is true for n =Kk it is also true for n =k +1.

Therefore, by mathematical induction the statement is true for any integer ne Z*.

Given: U1 =5, Uz =8, y  =2u -u_,

Statement: U, =3n+2 [notice: we need two first steps and two assumptions]
For n =1, the statement is true since LHS=u;=5, RHS=3+2=5.
For n =2, the statement is true since LHS=u1=8, RHS=6+2=8.

Assumeitistruefor n=k-1 and n=Kk, thatis u,_, =3(k-1)+2 and u, =3k +2
Proveitistrue for n=k+1, thatis u,,, =3(k +1)+2=3k +5

Indeed,

Uns1 = 2Uk —Uk1 = 2[ 3k +2] —[3(k -1) + 2] [by assumption]
=6k +4-3k+3-2
=3k+5 [as required]

The statement is true for N =1 and n =2 and assuming itistrue for n=k -1 and n=Kk, itis
also true for n =k +1.

Therefore, by mathematical induction the statement is true for any integer ne Z*.



INEQUALITIES

19. - For n =3 the statement is true since
LHS = 4!= 24 RHS= 233 =24
- Assumeitistrue for n =k (k >3), e (k+21)!>2kk
- Proveitistruefor n =k + 1, ie. (k +2)!> 2k* (k + 1)
Indeed,
(k+2)=(k+21)(k+2)>2kk(k +2) [by assumption]
It suffices to show that
2kk(k +2) > 2% (k + 1)
o k(k+2)> 2(k+1)
=N k?+2k>2k+2
o k#>2

which is true since k > 3
The statement is true for n = 3 and assuming it is true for n = k itis also true for m =k + 1. Therefore,

by mathematical induction the statement is true for any integer n > 3 .

20. - For n = 2 the statement is true since
LHS=3* =9 RHS= 2% +4 =8 and 9>8
- Assume it is true for n =k (k > 2), ie. 3k > k2 + 2k
- Proveitistruefor n =k + 1, ie. Bkt > (k+1)? +2(k + 1)
Indeed,
3kt = 3.3k 5> 3(k2 + 2k) [by assumption]

It suffices to show that
N 3(k? + 2k) > (k+1)* +2(k + 1)
& 3k? +6k>k? +2k+1+2k+2
& 2k? +2k>3

which is true since k > 2
The statement is true for . = 2 and assuming it is true for n = k it is also true for n =k + 1. Therefore,

by mathematical induction the statement is true for any integer n > 2 .



21.

22.

TRIGONOMETRY
n1 sin 2" x

The statement is ~ (cos x)(cos 2x)-+(cos 2 x) =

2" sin x

For n =1, the statement is true since
LHS = cosX, RHS = sin 2x _ 2sin X cos X — COS X

2sin x 2sin x
Assume it is true for n =k, that is

k1 sin 2k x

(cos x)(cos 2x)-(cos2  x) = Ty

Prove itistrue for n =Kk +1, that is
sin 2k x

(cos x)(cos 2x)-((cos 2*x)(cos 2¢x) = sy

Indeed,

LHS =

sin 2k x ( cos k) 2xsin2¢xcos2¢x _sin2x2Xx _ sin2¢x
2% sin x 2x2%sin x 2Tsinx  2¥1sinx

The statement is true for n =1 and assuming it is true for n =Kk it is also true for n =k +1.

Therefore, by mathematical induction the statement is true for any integer ne Z*.

(@ RHSto LHS:
sin((2n +1)x) cos x —cos((2n +1)x) sin x = sin((2n +1)x — X)
=sin(2nx + X — X) = sin 2nx

(b) For n=1, the statement is true since

LHS = cosX, RHS = sin 2x = 25N x cos X =CO0S X

2sin X 2sin X

Assume it is true for n=Xk, thatis
sin 2kx

2sin x

COS X + €0S 3X + COS 5X +-+ + cos((2k —1)x) =

Prove itistrue for n =k +1, that is
sin((2k + 2)x)
2sin x

COS X + €0S 3X + €0S 5X +--- + cos((2k —1)x) + cos((2k +1)x) =

Indeed,
LHS sm 2kx + cos((2k +1)x) = sin 2kx + 2cos§(2k +1)x)sin x
~ 2sinx 2sin X
_sin((2k +1)x) cos x —cos((2k +1)x) sin x + 2 cos((2k +1)x) sin x
2sin x




23.

_ sin((2k +1)x) cos x + cos((2k +1)x) sin x
2sin x
_ sin((2k +1)x + x)
2sin x
_ sin((2k + 2)x)
2sin x

The statement is true for N =1 and assuming it is true for N =K it is also true for n = k +1.

Therefore, by mathematical induction the statement is true for any integer ne Z*.

(d RHStoLHS:
cos((2n +1)x) cos x +sin((2n +1)x) sin x = cos((2n +1)x — x)
=€0s(2nX + X — X) = C0S 2nX

(b) For n=1, the statement is true since
) 1-cos2x 1-1+2sin?x 2sin?x
LHS =sIn X, RHS = = = =SIn X
2sin x 2sin x 2sin x

Assume it is true for n=Kk, thatis
1- cos 2kx

2sin X

Sin X +sin 3x + sin 5x +--- + sin((2k —1)x) =

Prove itis true for n =k +1, that is
1-cos((2k + 2)x)
2sin x

sin X + sin 3x +sin 5x +-- +sin((2k —1)x) +sin((2k +1)x) =

Indeed,

LHs = 12COS2KK | ook 4qyx) = L COS 2K+ 2sin((2k +1)x)sin X
2sin x 2sin x
_ 1-cos((2k +1)x) cos x —sin((2k +1)x) sin x + 2sin((2k +1)x)sin x
2sin x

_ 1-cos((2k +1)x) cos x + sin((2k +1)x) sin x
2sin x

_ 1-[cos((2k +1)x) cos x —sin((2k +1)x)sin x]
2sin x

_1- cos((2k +1)x + X)

2sin x
_1- cos((2k + 2)x)
2sin x

The statement is true for n =1 and assuming it is true for n =Kk it is also true for n =k +1.

Therefore, by mathematical induction the statement is true for any integer ne Z*.



24.

25.

26.

DERIVATIVES

For n =1, the statement is true since

1 11
LHs= f'()="_, RHS=04W9_=_
X xt X
L (k=)
Assume it is true for n =k , thatis 1 ()= (1" -
X

I

Proveitistruefor n=k+1, thatis f & (x) = (-1)* l:'l

X +.

Indeed,

£ (x) = | £ (0] =T (1), -1)!x* ]| [by assumption]
= (1)F Yk L) (k)x K
_ 1) X'j—' [as required]

The statement is true for n =1 and assuming it is true for n =Kk it is also true for n =k +1.

Therefore, by mathematical induction the statement is true for any integer ne Z*.

(@ f'(x)=3e¥*, f'(x)=9e*>, f '(x)=27e*
Guess: f ™M (x) =3"e*

(b)  Similar to the previous exercise.

1 1 6
f')=——-, f'X)=- , (X)) = , FOX) =——m
@ ) X+1 ) (x+1)? ) (x +1)3 ) (x+1)*
n-1)!
(b) F0) = (- 07D
(x+2)
1 0! 1
c) Forn=1,LHS= f'(X)=——, RHS =(-1)° =—
& ® x+1 1) (x+1)t x+1
o (k=1)!
Assume it is true for n =k, thatis [ () =1
(X +1)¢
I
Prove itis true for n =k +1, thatis f &1 (x) = (-1)« _ K
(x+1)<H
Indeed,
’ |
LHS = fl¢D(x)= er(k)(x)h = —(-1)*(k -1)! ()(Jrkw [by assumption]
= (-1)k _ K [as required]
- (x+1)k+ '

The statement is true for n =1 and assuming it is true for n =K itisalso true for n=k +1.

Thus, by mathematical induction, the statement is true forany ne+* *.

10



d L
27.  Let p, be the statement — = nx™* for all positive integer values of n.
dx

d 1 [((x+k)-x .
Ifn=1then — (X )=1lim — "~ |=1=1x
dx k

k—0!

Assume the formula is true for n =k, that is, %(Xk) = k<,

Then ()= % )

= kx1 x x + x¥ (using the results for n =k and n = 1 given above)
=xK(k + 1)

which is the formulawhenn=k + 1

So if the formula is true for n = k then it is true forn=k + 1.
p1 is true, therefore py is true for all integer values of n.

dn ( nm )
28.  Let py be the statement o COSX= COSKX + ;J for all positive integer values of n.
Forn=1,

d .
LHS = — (cos x) = —sin x

dx \
RHS = cos| x+ = sinx

L 2)

Therefore p1 is true.

Assume the formula is true for n =k,

dk [ kn)
that is, ——(cos x) =cos| X + —
dx* (cosx) |\ 2 J

Prove the formula is true for n = k+1,
Indeed,

i (i (cos X)} (cosl X + W

dx | dx )odx U 2)

dk+l ( kX\
———(cos x) =—sin —
dxk*l( $X) =—si kx+ 5 J

k+1

kx n)
——(cos x) =cog|
X

(

X+—+—
L2 2)
k+1 ( (k+1)ﬂt\
X — 7 (cosx) = cosl\ 5 J

which is p, whenn =k + 1.
(So if pn is true for n = k then it is true for n = k + 1 and by the principle of

mathematical induction p is true for all positive integer values of n.)

11



20. (@ () f'(x)=peP(x+1)+er =e™(p(x+1)+1)

(i)  Theresultis true for n=1 since

LHS=eP (p(x+1)+1)
RHS = p'le™ (p(x+1)+1) =eP (p(x+1) +1).

Assume true for n=k: f ®(x) = p*teP (p(x+1)+k)

Prove true for n =k +1: f & (x) = p'eP(p(x+1)+k+1)
Indeed,

FED () =(£0() = plper (p(e+1)+k)+ plePp
= peP (p(x+1) +k +1)

Therefore, true for n =k = true for n=k +1 and the
proposition is proved by induction.

30.

(b)  When n = 1. the formula gives j—‘ =(=1)’e"(1-x)

X
=e "(1-x)
as demonstrated in part (a)
Assume true for n=k
d'y

d—k=(—|)"lc'x(/\'—.\‘)
X

, d“'y d -
Consider, ——— = —| (=1)""'e”* (k—x)
T d\'[ J
:(—I)M[—c"(k-.\')—e“]
=(—l)“:[c“’(k+l—.\')]
Hence if 1t is true for &, then 1t is true for & +1

Since the result is true for 7 =1 and P(k)=> P(k +1) the result is proved by
mathematical induction YneZ'

12



31.

32.

33.

Show true for n=1
f'(x)=e™ +2xe™
=e®(1+2x)=(2x+2"%)e™

- . -( A A i Ix
Assume true for n=k ,ie. fMx=(2"x+kx2"")e" k=1

Consider n=k +1, i.e. an attempt to find ::\( *(x)).
fENx) =2 e + 2™ (2 2+ kx2"?)

=(2" +2(2 x +kx2""))e™

=(2x 2" x+2" +kx2x2"")e™

=(2""x+2" + kx2")e™

=(2""x+(k+1)2" e
P(n) 1s true for £ = P(n) 1s true for & + 1. and since true

for n=1. result proved by mathematical induction Vi eZ’

For n=1 the statement is true since
LHS = f'(x) =2cos2x = f '(x) =—4sin 2x

RHS = = (—4)"sin 2x = —4sin 2x

Assume it is true for n=k i.e. f @9 (x) = (—4)* sin 2x
Prove it is true for n=k +1, ie. f k42 (x) = (—4)<*L sin 2x
Indeed,

@2 (x)=|[ @ () 1] =[] (-4)2cos2x]| =—(-4)4sin2x = (-4)*1sin 2x
The statement is true for n =1 and assuming it is true for n =k itis also true for n =k +1.
Therefore, by mathematical induction the statement is true for any integer n.

COMPLEX NUMBERS

@ @+i2=1+2i+i*2=2i
() @=+ir
Let P(n) be the proposition: (1 +i)*" = (-4)"
We must first show that P(1) is true.
(L +i)* = (A +1)H)?=(20)* =4(3)* = (-4)!
Next, assume that for some k e N*
P(k) is true, then show that P(k +1) is true.
P(K):(1 + i)* = (—4)«
Now, (1 + i)*®+D = (1 +i)* (1 +i)*
= (4 (-4)
= (-4)++t

Therefore, by mathematical induction P(n) is true for alln € N

© (L+i)%=(1+i)*® =(-4) =65536

13



34.

35.

The result is true for n = 1, since
LHS =cos @ +isiné
and RHS = cos @ + isin 6
Let the proposition be true for n = k.
(cosd + i sinB)* = cos(kO) + i sin(ko)
Now show n =k true implies n = k + 1 also true.
(cosO + i sinB) ! = (cosO + i sinB)*(cosO + isind)
= (cos(kB) + i sin(kB)(cosO + i sinO)
= cos(kB) cosO — sin(kD)sind +i(sin(kB) cosO + cos(kO) sind)
= cos(kO + 0) + i sin(k0 + 6)
=cos(k +1)0 + 1sin(k+1)0 = n=k+ 1istrue.

Therefore, by mathematical induction statement is true forn> 1.

(Let P(n) be (l~\5i)" =" {co<——+lsinﬂl)

TN
—4+—1i
2 2

-‘-I

‘ T
For nzl:l‘(co s—+1Sin— lz?_
V3 3

J J \

Assume P(k) is true,
. \
(I+J‘|) —"{cosl‘TnomnA—n}

Consider P(k+1)

(130 =(1+31) (1+431)

af kn kr),( =
‘co>—+|sm— 2| cos< +|>m—

‘,}-l( " ('I\"’I)n - U\*l)l{]
) Cos 3 +18In 3

P(k) true implies P(k +1) true, P(l) true so P(n)true YneZ’.

]=l+\/§i.so P(1) is true
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