[MAA 1.6] BINOMIAL THEOREM
SOLUTIONS

O. Practice questions

1. (@ (A£x)°®=1£3x+3x2=+x3
(b)) (A£x)* =1+4x+6x%2+£4x3 +x4
()  (1+x)® =1+£5x+10x2 +10x3 +5x* + x°
2. (@ (Q+x)0=1+10x+45x2+120%3+ -
(b)  (1+2x)"°=1+20x+180x2 +960x3 +

()  (2-x)*=1024 —5120x +11520 x? —15360 X + -

3. —120x7
4,  45x%6
( 1Y 31 ( 1Y 4 1
5. () @) |X——| =X =3+_——_ i X__J S x4 X2 46— —
1o ad * *(10f Ko
(b) (i) -~ =-252 (i) _210 (iii) =210
5 | e | 6 |
\ ) \ ) \ )

6. (@) (1+2x)* =1+8x+24x2 +32x3 +16x* (b) 8x? (c) 32x2 (d) 71x?
7. (@ (show) (b) r)\10 g ) 45 Em) go

8. (a) (show) (b)| N ;
U

9. (a) 43110144 (b) 51963120
(c) 531441x'2 — 4251528x1° +15588936x8 — 34642080x° +

10.  (a) 10264320 (b) 43110144  (c) 531441x%* — 425152x?* +15588936x18 +
11.  (a) — 3041280  (b) 10264320  (c) 531441x36 — 425152x32 +15588936X28 +---

A. Exam style questions (SHORT)

12, (ﬁ+&)3=---=9ﬁ+11ﬁ

13, (\/§+\/§)4 —..= 494206

14. ‘
(V3-2) :q‘v'ﬁ‘l#s{\rﬁj'(—:)‘-s(\ﬁn—:rﬂ—:)‘

:3\|' I\)A»] V\_h'

=15J3-26 (accept a =15, h=-26)



15.

16.

17.

18.

19.

20.

21.

METHOD 1

§I+ng7 ngnglalf)(pansf 7)+| \3( ) ( )—27+27 + 6347
s (3) 2 v 3 2 \/_3 V7 V7
g’
(3+\/7)3=90+34\/7 (sop=90,q=34)
METHOD 2
For multiplying

(337 ] 347) = (94637 +7)(3+ 47 )= 27 + 97 +1847 +42+21+ 747
(3+\/7)3 90+3447  (sop=90,q=34)

(a) ( l\I —(Lﬂle4 I(ﬂ |(1\|+|(4\|e (ﬂl +(4\|( T+ WET

Loe) ) (U (e) (20 Le) \3) (e (4)le)

1\ 1 1Y 1 1y 1
[e+—) =e4+4e3|(—J+6e2(—) +4e|( ] (—\ =e* +4e2 +6+  +
e

4
e e) \e e) e?

e
(b) (e—i)4 =et - 4e3( ] 6e? |(1) — 4e I(lj (ET‘ et a2 46- T4t
e e e \e e) A

Adding gives 2e* + 12 + i
e4

.. 6 x 2%(ax)? + 4 x 2(ax)® + (ax)? = ...+ 24a°x® +8a%c + a’x*
a2 = 30+ [ 1) 3072 + [ 4393202 + [ 4 392)° +(2)°
(3x+2y)" =(3x) 1) 2) 3 (2y)

= 81x* + 216x% + 216x%y? + 96xy° + 16y*
7
0] ( \z 7! _ 5x6x7 _35

1\3}| 3Ix4l  1x2x

(200) 2w!=&%Qm=wwmmﬂ%w
(i) | |—zuw@ 2
\ )
5 5 1 I 6 |
@ s SV (S8 8 s (S8

LzJ L3J 213! 3Ix2! ks} 31x 3!
(19) (19) 191 19! 2x19! 2x19!

| 9 [T110 = gtx—+ - _
\9)\}) 101 9Ix10!  9Ix10!  9Ix10!

s {8 " 28l Gl

(b) LHS=

) 10! 10
(a+b)2
12 12
Coefficient of ab’ is |( \|=|( \|: 792
5 7

VRN



22.

23.

24.

25.

26.

27.

28.

28.

30.

31.

32.

7 (7\\ 3 4

So the coefficient is 4375

(& n=10
(b) a=p,b=2q(ora=2q,b=p)
(c) (10) 5 s
| 5 [p (20)
L)
1
The required term is |(7O\| 2107 37
L)
=2 099 520

12t
(a) erms (11\ .
(b) (10thterm,r=9,| g (¥ (2) )

(11\ 2 9 9 2 2
91 (X) (2) =55x2 x =28160x

Tx6x5x4 x 53
(5a+b) =..+ |k4J| (5a) (b) +..= Ix2x3x4

34 3 34
x(ab)=35x5 xab

5
Term involving X3 is (3\ (2)%(—x)® = —40x® = The coefficient is —40

_ (8) s 3
Required term is |k5)| (3%) (-2)

Therefore the coefficient of x® is 56 x 243 x —8 =—108864

WOTEY
9

Term is —48 384x3

8y —1Y
The coefficient of x® is ( Y_\
3L 2 )

The coefficient of x® is —7

o . ,"-3.\":
Termin x" = ("EIT
{ 9743
_30,.,3_,1_'”" l
. 8

— 540"
(Coefficient of x' =-540)

8 3
( WI(E x\l (-3)°=-4032x®
(53 )

(10\ 2
2 =45x4=180

o

a=



3. [ 7)'522x)5 = 16 800 x
\2)
34. (a) 6terms
(b) the fourth term is @ (-2)* (x?) =10 (-8) x* = —80x*

=0T

b
(b) 3)
(6) 3
| 31=20,(-3) =-27

hence A=-80

Term is —540x12

(5\ (—2\2 (5\ 4 (-2)2
36. l(3x2)3| __ | 27x8,_;10(3x2)3| ___ | =10x27x4 x4
\2) Ux ) 2 x? \x )

term = 1080x*

37. (@

10
(b) m (3x%)® (_ i\G = 84x 3 xb i
\6) L x) X

constant =2268

38. (g\lxﬁf__Z\3 :84x6|( 8\;672

\3) (x2) \ x8 )

(6) s 2Y
0. | [(¥) L__ZJ =-160
\3) X
40.
'5‘ - :.'v -2 :
{2 l"”’ '.T,l
N R
=1080x
Coefficient 1s 1080
(10\ ;3 ( (10\\
41, |32 (@) laccept 7 |l
L) L L))
120 x 27 a3 =414 720
a®=27<=a=3
(1Y (1Y) [7y1Y
42, Tea=| X7 L_\ :( (_J X3
\r) ax?) \rla
7-3r=1 =>r=2
7)1 7 2
Now, - - -
(2\? §:>a =9=a=43



43. (@) (x—2)*=x*+43(-2) +6x°(-2)* + 4x(-2)* + (-2)*
(x—2)*=x*—8x3+24x*> - 32x + 16
(b) finding coefficients, 3 x 24 (=72), 4x (-8)(=-32)
term is 40x°
44, (@) 2*+4(23)x+6(2)x% + 42X + x4, (4 + Ax + x2)(4 + Ax + XP)
(2+x)*=16+32x + 24x% + 8x® + x*
(b) finding coefficients 24 and 1
term is 25x2
45. (@) (2+x)°=25+5(2)%x) + 10(2)** + 10(2)>E + 5(2)x* + x>
=32 + 80x + 80x% + 40x3 + 10x* + x®
(b) Letx=0.01
= (2.01)>=32+0.8+0.00 8 + 0.00 00 4 + 0.00 00 00 1 + 0.00 00 00 00 01
= 32.8080401001
(c) Letx=-0.01
= (1.99)>=32-0.8+0.00 8 -0.00 00 4 + 0.00 00 00 1 —0.00 00 00 00 01
=31.2079600999
46.
METHOD 1
f 5 \ f 7 \
constant term: ‘ (-2 )"l =1
0 L0
{7 g
term 1n x: ; | '.\'+ —l (—1.’() =—23X
= [ 2) 5. [5) s (7Y [5) a
termin x° X~ +l (—2x) +| I\ [(—2x)=—9x"
\2) \2) (1) 1)
METHOD 2
(1=2x)(1+x) : 1+ 5(2x)+ ax4{-2x) + ... “ 1+7x+ 756 X+ |

=(1=10x+40x" + . )1+ T7x+21x" +..)

=14+7x+21x" —10x—70x° +40x° + ...

=]1—3x—9x" +...

47.  Given (1 +x)°(1 +ax)® =1+ bx + 10x? + ... + a®%
< (1+5x+10x%+..)(1 +6ax +15a2 x> +..) =1 + bx + 10x% + ... + a%™
< 1+ (6a+5)x+(15a2+30a+10)x2+ ... =1+bx+ 10x2+ ... +a® x1*

-

6a+5=D @

15a%2+ 30a+10=10 @

@ = 15a?+30a=0
= 15a(a+2)=0
= a=-2

Substitute into @ b=-7

Note: a=0sincea € Z*



48.
(a)

(b)

49

50.

51.

52.

evidence of expanding
eg 22+4(2)x+6(2)x +4(2)x +x*, (d+4x+x7)(4+4x+x7)

(2+x) =160+32x+24x> +8x" +x*
finding coefficients 24 and |

term is 25x°

The terms of (2+x)* involve x4, x3, x2, x!, x° =1

The terms of (1+ x2)5 involve x20, x8 x8 x4 x2, x%=1
The combinations that give x3 are shown above.

: o ( 4) ( 5)
The firstcombinationis | 3 [2!x® x |5[15(x2)? =8x®x 1 =8x3
L) \

4 5
The second combination is (1\23x1 x (4?14(x2)1 = 32X x 5x2 =160x3
L) \J

Since 8x3+160x3=168x3, the coefficient of x3 is 168.

The terms of (2+ x)4 involve X", X7, X5, X, X =

5
The terms of (Zx + £\| involve x5, X3‘,X\1XL11\X3, -

x) ,
The combinations that give constant term are shown above.
1 10
The first combination is (4\21 NN (51 LT A =8x3x =80
3 4)|(2><) (%) &

4 5 1 40
The second combination is (1W23x1 x (3\I(2x)2 (*)3 = 32x x  =1280
\J \)

Hence the constant term is 80+1280 = 1360.

@ 2x+x —(3 (§>ﬁ + 3)(x 1)
Note: Accept 2'|x+ ~ |(x — 1). Either of these may be seen in (b) and Al should be awarded.

L 2)
(b) EITHER

(2x® +x—3)8 = (2x + 3)8(x - 1)8

=(3°+8(30)(2) + . )(-1)* + 8(-1)"(x) +...)
coefficient of x =38 x 8 x (-1)" + 37" x 8 x 2 x (-1)8=-17 496
OR
(22 +x—-3)¥=(3—(x—2x?))8=38 + 8(—(x —2x?)(3") + ...)
coefficient of x =8 x (— 1) x 3'=-17 496

(b) 61236 and 30618



53. We ex;;gnd u(p

0 the third term n
t\ Pﬁ +( ) " (ax)? +
ol 11 h"™ @ |2k
)\ L)
=1+ nax +Ma2x2 +oe
2
Hence na =24 and n(r12—1)a2 =252 < (n? —n)a? =504

The solution if the system is a =3and n=8.

3
54. (a) coefficient of x js (EWQ =70

U
n! 1:70
3I(n-3)1 8
:n(n—l)(n—Z) ~70
48
n=16
16) 1)
(b) ( !)=30
A
B. Exam style questions (LONG) Y Y IAN AN I
55. (a) (1+1)4:24:1+Hlfl)+'4'(12)+"”(13)+14:>'4|+"”+"”:16—2:14
|1 |5 | | 3 FERPINEY
L) U) W, L) UJ) U
OF PR (e () o
0=1-11l+1 ol=| gl+1=1 1l-1 24| 9=
L) U) U L) U)J) U)
() Theexpansmnof\ (l+\x)9 |%/es
9
oot [l
(9\ (9\ (9\ (\ g
=+l o]+l 31+ +8|_2 —2=510
U K) U \)
(d) For x=-1
(9 (\(\(9\(9\(9\(\
1- =
U) U SAN AW
9 9\ (9) (9)
=0} O C)CHC M)
56. (a) (a+b)>=a%?+b?+2ab=a?+b?=S%2-2P

(b)

©

(a+b)® =a®+3a%h+3ab? +b® =a3 +b® +3ab(a+b)

= a*+h* =83

—3SP

(a+hb)* =a* +4a% +6a%h? +4ab® +b* = a* +b* + 4ab(a? +b?) + 6a%h?

= a* +b* =S4

=a*+b* =84

—-4P(a? +b?)-6P?2 = a* +b* = S*
— 4S2P + 2p?

—4P(S?

—2P) - 6P2



