JTOPIC/5 /CALCULYS/ AtAI 14
@-/_Kmi&s As] / /,

P e have seen Limids a couple of times in bals course , in functions;

we saw graphs thak agproadhed. an asymplote :
This is the limit of f(x). We also saw Hae livct
of the sum o{o.seoua)m'c sequence , if Irl<1. J -

In both of these cases, we never actualy reack the Limik, we just get
wfwte‘.ﬁ close, and. never 90 beyond . Limits wilk be V. important in calculus,

b

SLOPES OF CURVESI Whak 1s the slope of Hais curve?
Well, &t ranies . We could maybe osk whab the
slope 15 ab o, , bub bhak is sl quute complicated. —| - »
Prevuousl@ we needed bwo pornds it we wanbed to calculate Hae clope.
So maybe we could choose andther pount [x+h] and 7
find a slope from there. Tt still doesn't seem very
accusabe , and it looks like if we move x+h closer | % : z:w\
to x, thts straighk lines becomes more appropriake . In fack, if we just consider
the (imdt o Hais slope as h tends fo 0, that line has bhe correct slope.
Le.: [Tlnz slope / ﬂraimak {lmcb'on] = lim (_f(x.”‘)‘f_(")) = L(;M(F Ceth)- ("))

k= © ('xa‘h)-x L0 h

fex)

ke

I Now, ackually evaluoking limibs requires some more advanced Matis, buk
we will actually just leam niles for vasrous tuypes of funckions (i sz).

P As h-0, Ha sttm‘sht line thak (s used to find e slope s called a
targent : o. ling that only bouches the curve once, ok x, . When that
formula i evoluated , tre reswlk is a function for tie gradcent of the
tangent which will vary depending on the x-value considered.
NOTATION /> Given a function , i groduent function & called : tre derivative

FUNCTION fx)= M Y= e see Bha
veriVATIVE | f'(X)= rrn- d’%)(:"‘/"" I 732 connection here.




@— /ncreasing/pecreasing functions

DIRECTION OF SLOPE/ As Yyou may remember from slwdﬁmg Wnear
functions any [aneaany Function [/7 1 hos a posttive slope , and oy
decreasing function [] ‘as a negative siope , and a flat/honizontal line
[*’] has Slope = O, When we had Linear funcktons , taose were constant slopes,
but the same theory applies to gradient funchions, and due to this, we

can hove curves thak switch between inc. and dec  : [/\:]

When £/(x)>0, graph is increasing
whhen F(x)< 0, groph s decreasing
when £1(x)=0, groph is flok

d

b (e can use this to assess whebher fuackions are increasing /decreosing,

or which sections of twe graph are tnc. /dec.

b Finding when £'(x)=0 can tell You when tine graph is flat, wiich ackually
can tell yow where a Maximunt of muldium U5 locaked . [more in [5:3] ]

E.G.1/pTs f(x)= €™ an increasing or decreasing funckion, or botin 7

LThe denivative of f{(x)=e™ is '(x)=2e", finding this wUl be covered

0 56/, So we can check whather 2¢% i positive , nagakive, or bobha.

Whatever X we choose (-ve,0,+ve, etc), &b o.lwaﬂg gives a positive vnbuf,

Tis means i is an increosing function, wihich we se 1 its groph: lf

E.6.2 > AL whak inkervol, is f(x)=x*-tax+2 increasing? :
Finding biis derivabive will be covered. in [5.3/, buk 1 can tell, you it i

f’("—)=?.1-u-. So we wanf to know when 2x-4>0 — 2x>L4 — >2.,

So, to the nghk of =27, i.e. when x>2 , f(x) 5 increasing.

6.3/ When is g(z) = cosx decreasing, for 0sx <27 ?

Lﬂga(n, the derivakive of this s covered. in , but g'(x)= -sinx, so we &

Solve -SiNX <O — SN >0 . As sinx (s the td-ooord/:nabe in the unit circle,

we know that ik is +ve between OXTL. So g(x) is decreasing ab Osx<T[ .



@7 = Polynomial. derivatives M
B As we said, You won't need to use the formula using limits, M/ |
buk we will, use t here to derive o rule for dervatives of polynomials,
E.G.1 /P Find the denvabive of f(x)= x2-lac+2 :

l-*So we will use Bae ‘first principles’ formula this one time :

g:(x) = Um F(x+k)-F(x)) B uM{\Quh)‘- u(xw): 2-(xtx+ g}_ m(x’+2xh+h‘-hx;\hh&2—x‘+hx-2)

hao I = k=0 = 0

Uiy (ZERER=UR)  pion (92-Li4b) = - as hvo

h»0

I This same process can be applied. to o generok  AX"+bx*+..., and

whot: we geb s | )= ax"+bic"., = fi)aone™bma™ k..

I Thak can be descrived. as taking each tem and. multiplying & by the
exponent , ten sublracting one from He exponent. Indeed, in E.G.1,
we did 9e from a™-Loc+ 2 bo (2)X"-4(1)X™+2(0) " = 22 Lt
FormuLA BooxLETE I the formula booklet
we are only given biais Formulo -
SoUour\udbokmuUno.tMCondmbdoesmt offect Hals rule,
and that we can Sw«usslﬂ odd. terms using Hais twle for each term,
DIFFERENTATION/ This simply onothher term used for Hae process
of finding tins dorivative.

) =x" = P=nx"" )

E.G. 1/ Differentiake [(x)=ta® :

L, If flx) = Lx?, then L7(0)=4(F)x?"'= 28x*

E-G.2/5 Find the derivakive of Y=3x>-12x"+3x +1:

L we use the ‘ane™ rute again. So 42, = 3(3)C 122 3()x™ 0,
So %L—.: Qoc*- 2L +3

E.G.3/ Find the grdient of the bangenk of fx)=5x"+x* ok x=2:

I Find the dercvotive (e gradieat funckion) , then plng in x=2,
£'(0=202%+ 2x —s f(2)=20(2)*+2(2) =160 +& = 164



/5.4/- Tangent /Nonnal, PN

P We hove seen thak the tangent is whak is actually beingy MV
assessed. Whan we ose Fa\d.tng the slope ab a pounk. Well , instead of Jusb
finding the slope of ik, a nakuwol extension would be to ask that e full
equation o the tangent is.

TANGENT PROCESS/P From @, we know if we have an (x,,y,) potnb on the
ling, and ths slope, woe can use YYu= M(z-x)) to get the equation. So, if we
are asked to find the equabion o bue tangent, given fe) & an x, , we can:

@ Do f(x) b find y, [ @ Find £(x) by differentiating /@ Do £(x.) to find m/
® Pug =, )Ya& M ko y-y,=m(x-1,) and reamange if needed \

€.G.1/b Find the equokion of the bo.nger\l: of [x)=2x-6x+8 ok x=2:
L’@ ¥(1)=2(2.)7‘-G(Z)+$=h— 5o we hove (xhﬂg)=(2-;‘+)
@P=tx-¢ @ FR)=4@D-6=2 . m=2
® y-y=m(x-x) 2 Y-b=2(x-2) = Y-k=2x-4 = y=2x

NORMAL > The normal to a cusve is o straight
Line, possing through a given point, buk
pependicular bo the tangenk (see rigik) y
PROCESS [~ We can skill sfm?lﬂ find on (2, y,) and tae approprinte gradient,
we just use the negative reciprocal F "4._] istead,, as it is perpendicular.
E.G.2[p With ) and point from E.6.1 , find the equakion of Hae nonval
: we still, have f(2)=t % (x,,Y)=(2,). F(D)=2 skl , buk we vse s =
"/2 nstead. . Y-le= Y (x-2) = Y-b="zx+l = g:*'fgx+§
E.G.3/I8 2008 > Let fe)=€*(1-x*). Parta) showed that £’(x)=eX(1-2x-x?),
... d) L s the normal ab P(0,1), shouw L has equakion : x+y=1:

We have (x.,s,)=(o,1) , S0 we need m: for this, we do
P)=f0)=e(1-20)-0))=1(1)= 1. So we use =% =-1 . Then,
Use Y-Y,=5(x-x) = y-1=-1(x-0) = y—1=-x = xyu=1




E ~Intro to Integration w1 /]

I For the mayprity of operakions & processes in Makhs, 0 et
we Wke to know how to do W in reverse. So here, we (eam aboub
the opposite of differenbiakion, known as cntegration/anti- digferentiation.

Differentiation

FUNCTION DERIVATIVE

Inteacation

Or Nk "EF‘Q

b So, again, we wilk leam rules for integrating funckions, stasting
with polynomials. This can be viewed. os oping from a function to
Us integral o& from a derivabive back to s origunal function.
NOTATION > The. notation for the integral. of A1) uses [feq)dx . The
dx’ part of I simply means with respect b x.

RULE P To integrote funckions in the form ax"+bxM+... , we simply
do the opposite of mulkipuying by thre power, Haen subbracting 1 from
the power, which is: Adding 1 to the power, then dividing by that

nH.

new power. .e.: fax)cbc— e - Ly in F.B.

G- ! . ‘ :
E 1//” I'F ]C(x 6?:‘*':5:‘? ‘Ftﬂ(\i ‘F(X) —explained below
féx‘+x+? dx =25+ X7+ :gf! e un% +3x3C
E.G.2/ Find inx: 6Jx dx

LfiQx 62" dx = 10"'“ 6§:+’+c & Bt lia.E

BOUNDARY CONDITION/S (Je will now explacn tae 4c’ ot tue end of e aztegmL,
T you consider bhab any constant desappears when differentinted , Haen
when we are inkegraking, we Must conte +c’ ab the end., (n case Hrere
was any constant in Hhe on‘jfml. funckon .

FINDING ¢ /> I we wanb to find this mystery constant, txen we Must know
o seb of coordinates that fit Hae original function. (e can then plug them
in and Solve for c. We can then wrtte ouk the whole function



@ continued

FINDING c /» Here are some examples of thak process:
€.6.3 If 24, = 3x%+x and. y=10 when x=1, find y:
Inmgrabet 5:x’+x/;_+c , P\"*ﬂ in (1,10) : 1O=(1)3+@;_ +C = c=8%8.95
Write Fulk eguakion - %=x3+’$;— +5.5
EGup I [f()dz=F(2), f(2)=152* 102 and F(2)=73, find F(2):
Integrake J152%-102% dz = 32%+ 1021 Plug in (2,32) =
3(2)5+%+C=73 = q6+5+c=F3 = Cc=-18 .. F(z)=3a’+i%k— 18

I Note - tiney won't tell you when you will be expected to find ¢ os welk.

DEFINITE INTEGRALS /> then we do [f(x)dx , we get a funckion as a resulk,
and this (s called an wdefincte integml. A definite integral is, instead.,
Cnﬁae{?orm:lbf(x)dx. Here,, we geb g
Q. numper as a resulk of evmo.bmg
the i:'\besmk i the terval a<xsh.
Tis has one macn use, which is that
k gives us the area bebuoeen f(x) and bue xX-0xis, bekueen agb. See aore ]
The treony behind. this involves spktking up Bais area into buin rectangles,
and. evnmm:ma the [imf as the width — 0, Buk this theory is beyond
B scope of the SL cousse.
P> You will leom how to do tais manually will be covered. in [5.17], buk i ik
s o Complicoked. funckion, in Paper 2, your GDC can find the defintte
integrak , and. therefore , the area under the curve.
F'In@, we will also cover whak happens § some of the cusve is below
the x-axis, and how to find the area between two curves.
TI-nspire f» Open ‘CALCULATOR” — (TSHIFT)(+]) — Enter Limits and fuackion
TI-84p(mATH —(: falnt)- Enter Limits and funckion

/

E.¢.5/> Find the area enclosed. by £60=e"", te z-axis, y-axis and x=3 :
LNeed to evahmtefse“”zza_x_ Use GDC, area = 3.60 unis®
(]



= Tuming Foints A (59) 69

TURNING POINTS /B As has been mentioned. alieady, . (VA

MOXUMUM OF muntmum pount of o cunve 6 the i langent
point which has a flat/horizontal tangenk. In i £
general, o flak Line. has slope=0. Therefore, if 1 o %

F(x:)=0, tan x, is  tunting point, as in the diagram:

EG.1h Find the burting point of £(0)=32x*-12z2 4+
L"Di#?erer\b{ake‘. P)=6x-12. Set x)=0: 6x-12=0
6x=11 = x=2. Find y: f@)=3(1)-12(D)+k = -§. - (2,-8)
EG.2/ Find the stakionary poinks of y=aC- 3%+
%F%CL—GJL:O — 3x(x-2)=0 = x=0%2 . Find y's : (j:(o)3—3(0)2+4=4,
Y=(2-32)"+ =0 . Stakionary points ak (0,6)% (2,0).

TESTING For MAX./MIN. 5 Tn Hae other cousses, there are ways of
finding out whetler ik (s (ndeed o maximum oF @ mitwmum point,
This could be the 24 derivakive test | bub we don't need. that in

ALT SL. Instead., You cowld work ik ouk by graplang on yowr calculator;
or your knowledge of functions. e.g.: U or N-shaped quadratics,

€G30 Fnd & clossify tuming potat of ((X)=-3x-12x+% using calculus -
L Firstly, we find. te vertex by setting £0)=0, £()=-6x-1Z.
~6x-12=0 - -6x=12 » x=-2. {(-2)=-3(-212(-2)+6=120. So (-2,20)
(s the wertex. As a<0, it is an M -shaped quad., so a maximum poink.
E-G4/1e 2014/ {(x)='/3:(f’+}’zx"+Kx+6. local maximum at X =-3,

@) Show k=-6 = x*+x+k =f"(x). f'(-3)=0 because k s a max.
point . (-3)=3+k=0 —9-3+k=0 — k=-6.

b) Find the coordinakes of the minimum: — x24+x-6=0- (X2+3)(x-2)=0
- x=20r 3% . f(2)=YH2V+52)-6(D)+5="}5



@ ~ Optimsation feA|(59):
OPTIMISATION/5 Now bhat we know how to find Hie Masimum /?&I‘
ond. mintmum poinks of some funckions, then we can do the sawe

for funckions thak are specifically relaked bo real -world situakions.
Finding ke buming poinks of taese real -uworld funckions, is called
optimisation. This can involve certain problems , such as-
MINMIS (NG Cosbe , maximising an area /volune , MaK.CM\:SCf\j profits, ete.
One of the tricklest parts of these questions, (s creaking the fnction
in thae firek place, f & (s not given.

E.G.1/5 A box has sides: X, 2x, 18-32. Find. bhe x that minimises Hae
volunme - = First , we make a function for volume (V): V=o-2x - (18-3%)
=363~ 6x>. Fund 4 : %= 12x-18x%, Solve =0 : 72x-18x*=0

— 8x(4-x)=0 .. 18x=0 or (L-2)=0 — x=0 or . Buk you
can't have side length of 0, so x=4.

E62/ 2 sides of a rectangular area next to a canal are being fenced,
off. Thore is 120m of fence. hak side lengths would wake tho lamest area?
L) ~  Canal Area = X [ Pecimaker: 120=1x+y - y=120-2x

A~

X r  Substitube : A=x{y) —» A=1(120-2x) —» A=1202-2x"
Y Maximise %'—'—LZO‘QI'—'O—’ X=230m, -- g:gaom

€.G.3 /1B 2016 /> Sebunﬁ Julee in cylindrical cans, each with volume of 340cr?,
Surface area is given bv A=?_‘r[r"+-6—?—_9 , Where 5 the radius, in cm. To
reduce cost, we minimise darea,
a) Find %%-ﬁ A=2Tr2+ 820 can be recoritten : A=27r%+680r™
& = 22nr) + (06308t = LIr—680r> oo GrIr-£35
b) Find r that minimises S.A. » 4T -—6—%‘% =0 mulkiply by r* : -/
4T3 -630=0 — 4Tr>=680 — Tr’=120 » r*=5x. 1122 > =373 cm




/5.8/- [rapezowdal Rule L

TRAPEZOIDAL RULE/S So you already know, that You can Al ‘/ ‘/
find Hhe exack area under o curve using definite integrals. i.e.: areq
bebuween F(.JC) & x-axts bebween x=a b x=b, (s L{'Lx)dx Howenver,
somebimes You May not be given the equation , or you won't have the
bools to (nbegrake 1. So how could we approximate it instead 7 Loell,
integraks are mmﬂ bechnically using infinibely trin ctangles (in®).
,. estimakes areq using 2 red:anale,s but © usesw?_ trapezoids (trapezia).

haBpr— = == ==

X

i 2 2
[P T we nows compare the approximakions in & & © to the actual area
found in @), we see the beneflb of trapezoids (tvpezia):
@: [(ex5)dx =[5+ = (19+15) - (25 +6) = 215
®: Rectongles = (Wxh )+ (Wrhy) = (1x7)+(1x13)= 20
©: Trapezoids=('qw(h.%z))+('¢,_w(kz+k3))=%_(?+13)+l;_(l3+2?>)= 2%

RULE/ So, we use this brapezoidal rule. The orea of a trap. is usually given
by A=%(b+b, )l , bub maybe ‘A=%(n+h, )W makes mote sense here. Sometimes you
will be given the funckion or graph , somekimes just a table of x &y volues:
EGAb> Estimate the area under £x), T &2/ o) Complate the table for fx)=f5s1 :

bekween 03, using 5 trapezoids : x| 4 |45 2 ] 25]| 3
k. e s (x)[1.352 1957|2236 [2.693] 3

ik closer!

X| FX)| A :
0 Fg) _Q(EA? W00)=657 \ Ty b) Hence, use tropezoidal
06| 124 i ' ruleboestimate area R :
(2] cag |1 15(124+636)09)=423 R Ly, % (133240 1957+
131 652 | JMs=s636+65206) =t 00 ;1’\\~ L 42-283642-2693+3)
sul g [Jaslestres)oa=3ase K\\\\ £ =1 {18500) k.63 units®
LAEY }1\59/7,(6‘6*#?.6)(0.6):@.’1(: ) ——

- A)ls HA\S an over- or under-estimabe ?

ToraL RREA =710 waits?

L;Tmps. hove height gbove curve. So: over-estimate



= leﬁ/mtiaé[On Rules g "

[
FIn A1 SL colculus, we only (amed how to differentiote. funckions with tervs in the.
fom ., sudh s polynomials. Tn tiis seckion, we Leam how to differentiote loks of other funckions:

RULES - With enough ime, uou could. derve. these using first principles, but in practice uou will. st use B list of
Specific dervatives 0s fack, 0nd use them moving forward to solve problems.

fo=X"=>f=nc" | €=2€& |,
SN = COSL e = 2%
COSL = ~SINX tanx = Zex

NOTE [ Remiesvber abouts sum of temms & scalar multiples of tems: |(f+9)=F+9  (0f)=0f’
NOTATIONF T you have. [U=F(0) = & =F()|

EG 1P Find e dertvative of =6 [ EGab Differetiate, y=5¢* :

e g

EG.3p Differentiate. glo)=Tsinx -lnx EGAP I y=2-stonc, find 4

L gy Teasx -1 Loyt e

PRODUCT RULEP So for, we have. onlyy seen rules iwobving sums of tevs or scalor mulkiples of tems, btk what
about when You. are. given a product of two functions?

S (F00)- 900) =F0 G100+ 90 1) | or |G (uv) =S +v-db 1 o
I 1t is a good habik to List out u, W, V, & v’ before carmying out the product rule.
EG Sk Differentiote. y=(at+3x)(2x-1) :

W B | VT v = a0(2)+ lex-1)2xs 9= 4102 -3

EG.6F h(x)=2x*sinx, find W(xX):

L’E(x)=x1 g=sinx | . py=x? :
P2 |9m=cosx | V0= LL0SXL 2L

EGHP Find the gfadient of the tongent of y=2clnix ok xc=1:
W= TV=I | - dy = (i) +lna (0= + e = L4 nx [ A 2=, slope=L+lat =140=]

W=1 | V’=t/¢

GUOTIENT RULE/- S0 whot about for one funckion divided by another? /,ee camﬁ{g “@Ts m order
[ = ¥ = ’n =) —
) b ) ® | &) =S u L InF 8.

EG8P K y=255 fid %z :

U=2-1[v=x-5| . dy _ 2x-58)-(31-2)2) _ 6x-15-bx+t _ _-ii
w=3 V=2 . ﬁ\%t" (2x-5)F h (@xsfF - (x-5F




[59] continued

CHAIN RULE > The. thniret of ous big rules s for composite. functions — . function wihin anotier funcion
Y=g, where U={t0) = S =Y * %5 | 1.

PBut this is a fairly confising way of presenting ik, 0 may find this more monageable:

G =G G0} o Fo e e e 6
EGAP Take y=cos(3x), find by -

L%: -8in(3x)-3 = -3sin(3x)

EG.10p f00)=/3+5x , find £(2):

L fer= (et proy=tytomesat® (es)= 2558
EG.11 [ Differentiofe y=sin®x, and simplify:

L Y= (i), 4 = 2(sin0)- Cosx = 2sinccos = Sindx
EG.12P ¢ gl0)=3n(5x+2), find ¢'(0):

Lo =stebn) 5 =55

RELATED RATESP> We mighk then see some siuakions where thvee. vaniobles are. all. changing ok vanious (igs, in
reakion b b ckner vaviobies. Tris is essertialy sk another vse. of the. hain e [%: =<3, alvost

Uike howy, in gerenal, % =% = % This reauires info abouk relationsnips betsozen the 3 variobles, maupe. using
some. ogomelny forvulae . Ao consider tat: T S5 =%, ten 9B =B =5

EG.13b A Grtle s owing ot @ ot of 200ws. Find e fate. of chanog of e 0ren ot the poink when rodius=50c?
The rate. of Gonge of the. area. is given biy Gz . However, e only know A in teavs of : A=TIr™% S0 e use
4 =4 95 | and differertiate. Ao id: % =271, R were lso kold that ;=20 - 9 =4 96 =710, 20

=LOTr, S0 when r=50, % =LOT((50)= 20001 =~ 6280 s

EG 1> A s being pusped. into o sphenical. balloon af o (o2, oF 5. Ab Whok ke (6 the divs
increasing uhen the diameter” is 20cm?

LMmteoN\orgeoFBr\emdms isgiwnbg‘%. T d=20, then r=10. We know Vin tervs of r, which is
V=44T0r. So we con find 9 =L (e are tod 4 =5, Then 9= -4 by the chain rule. So if

d=Lrie, then 95 =tr. So =an-5=n. Wren r=10, %= = Ebm vin

EG.15p Gos & escoping from a spherical. boll. ok 28%in. How fost is the susface aren. shrinking when the

dius of the. balloon (5 1247

Lwehmbm separte equations: @ % =44, @ 4 =4¢- 4. For o sprerz, e 0lso knowo ok V=41 and
SA=UiTir. Therefore, 8 =LTir® and & =91r. We are olso told 3=2. Therefore, i 3 =4 -9 — 2=timed
50 % = e =2kw . g bis inko expition @: S =81tk = 6 = J5 B



— Second Derivatives [a] »

gl

1
MEANTNG > 1 you differentiote. & funckion O, uou have. e first derivotive. f upu ren differestiote. L—
the firs: desbative. agin, then you hove e second deriative. ALL e techigues leamed. before. sl apply.
RESULTI- TF the fik deiative. gives ou . slope. fiunction, or an instankeous fate. of change. function, ten the
second. denaive tells you e fake of change. of the deniative. S0 a5 you ove to the ight on @ graph, e, 2+ deri.
il el upu wheter Bre slope. is increasing or decrensing, and. how quickly [NOTATION > y=fx) = 4 =Fle)» G =flo)

2 DERIVATIVE TEST /> The dingum on the. gt shouws S poinks on o curve,, aound. o minisum point, with teir
tangents. e see ot the Slopes dp from negative to zer to positive , which & increasing,
And. increasing slopes also means the second derivative. s positive. on this cune. Tris would
be. the. case aound any minimum point. And $he opposite. & true for any moxisum poirt

T 2, is @ min. point = £2()=0 = £10)>0 = Cunve is “Concave. ug*

TF 2, (5.0 max point = £16)=0 = £ 16<0 = Curve.is “Concave. down’

EG 1P Find and clossify estremo. for £(x)=3x°-25C+60x+20:

Pl0)=150"-752+60=0 — sobve by GIC (or foctoring)->x=1,-1,2,-2 . Find £60: §70)=602>-150x., then

Pl in ow tuming points: §°(1)=-90<0 - MAX , §*-1)>0- MIN, §'(-2)<0 - MAX, £(2)>0- MIN

INFLECTION POINTS/ Thak: only) covers when the, 24 denvative is positive or negative.. What about when £=0 This is
possible - usually of the. point whef we. suwikch betieen concave up & down. This can occur either ok o stakionary
point, or anuphere else on e gragh. This S olled. an infleckion poing, os long os the’s also a. dhange. in concavity

/\/W;LELT@
OINTS

£')=0 £70)=0

F>ou, mayy need. to veny at X, is on inflection point, even after finding out ok £1)=0. Here, we. need o
showo the drongp. in concavity: plug in X-volues either side of x, into £(0) and see if you g 1 +ve and | -ve.
EG2 f0)=14-L1+5 hos 10 inflection points. Find the coordinates of both:

P0=4x>-1222. Then £2(0)= 12032, St £'(1)=0 —=123-Ux =0 - 112 (x-2) =0
- =0 %2. Do {0) L£(2) to find y-coomdinates, so we get (0,5) & (2,-11)

Gl Vertfy that (2,3) ts an inflection poink of y=2C-6x +122-5:

L@*Qechd%:O: B =3 11x+12 ~Fh=6x-12. Plug in x=2: 61)-12=0 v

@»>Changp. in concovitsy : g in =1 ko 24 derty. - b{1)-12.<0 - concove down

P in x=3 — 6(3)-12>0 - Concave up. S0 changg in concavilyy v Tnfleckion poink veriied.




@ == [nkegraaon Methods g 134] 510} 510

BASIC INTEGRALS > To 0dd. to e rule.seen (0 63, we. N0 extend, ik to six types of functions thal

2INFB,

we'll be able to infegrate. Along with thot, we musk | fandx =% +c | [eem de=tancsc | [ de=nlxlsc
revevber thot affedx = [agtode. [sincdx=-cosx+C | feosxdx=-sinx+C | [eXdr=e%+c
EGIPFind [6C+5% di: ‘;’ EG2p T % =5sinc, find yy:

‘%;}'me\:«c:x\» nix}+C ' Y= -BCOSXAC

“0oc+ 0" RULES > Recoll, whok hoppens winen differentinting with tre. chain e with fundiions in the fom fax+b),
which is that : &(sin(ﬁn‘).)): 5005(51+2) or %_((61—?)‘)=3(6x-?)'*6 Ll %,(f(amt))): af (oae+b). The opposite. of

bw.by:?zmwﬁ ' ¥ ﬂaij)lsz If {o=Florec, then [§(0xc+b)= 4 (0x+b)+C

L+NOT (n F.8.

£GP Fnd [10c0s(Ex+3)dx: E EGb Find S:de
L 4 osineapsc = asmtsaee | Lo -fue ] = e - )-te-)

> Theu give. Ut integpols in this fom far more often than the basic integyols,

INT. BY SUBSTITUTION > Tf %5 £(900) = £ (80) 81 then also | §Flae) g dx = (gl +C | This means we should.
be able. to do a reverse. chain rule for integabion, whenever you see o funckion o), and. its dertvative, g(x). Buk
whot wall. oke. ik ensier is to substitute gCo)=u, considering 4., sivplfuing, then doing [Fu)du:

EG 5P Find {2 o+ dex :
Lsetu-x“ﬂm% . Rt Y=, L.t wens ok (T2 == [
=LY Wy substitute bock u=xt+1 —s E2 ¢

EG6/ Find fointxcosxd:
Toke. u=sine, 3 = cost., du=cosxdr — [udu="% +¢
st bct > S0
F> As with any inbegral. probiem, you need 10 $pot when theyre asking you o find ¢ 05 well.
EG.7hFind. the orea enclosed. by Y=Lt -1, and x=e:
meﬁ&%&m&m CONING ¢ & LI, S0 W can use. substibubion. $Mu=m,m%=&
Trn gt = futan-{8) 4o -5 - g
" ,
Prere, tedwically, tese. livits should be. ‘u-values' witil you. substituie. back. and have. everything in e of
. Athoug i uou do find Brese ‘WL Limaits, Bien there wouldrt be any need to substitute bock ot all.

P you are. very comfortable it substibubion, then there's actually no need for ‘ax+b rules’ Jusk do sub aliways.



@_ Area. % Volume. fin 4| 512 51217

[
MANUAL PROCESS (e saw in section /557 how to find. areos bekuoeen o cusve and the. xt-axis on a.
G, using definite integrals. Tn this section, we'll recall how to do definite integrals by hand , and therefore
houyto fird areas by hand. to. T is also gets extended. to arens below the. 1-axis, 4reas between curves, 0208
bekioeen Hhe cunve and the. y-axis, then b volume. problems to.

T (§tode = Flyec, ten $5)dc=Fb)-Fl@)| or sivply: | L g de=0(0)-9(0)

Meaning: Tnteopoke,, pug inb, plug in a., and find the difference -
EG.1P Find the area beneath the. cunve oF $60)=sinac., betueen x=0%5% :
s S?ma::[-cosx]?=(-cos’% ~(ws0)=23+1=15
EG 2 Find the area. enclosed by Y=2+, the. T-0x, X=1,and. X=3:
L, j:@mm =B+ 2} =(B5 +20) s+ 20)=15-2a = {20

CROSSING 2C-AXISF When doing area. between the cunve and the x-axis, we need to be. coreful, of when ter ore
(egions below the x-axis. I you remenber: integpals are essentiolly adding up areos of ininitely thin rdangjes,
using ‘y-coordinates' as their™ ‘heights’. So when the cune. opes below the. -axis, those. become. negative, even
though aren aliways stags positive. S0 we must adjust. If we toke the. absolule value of the fegions below the X-0Xis,
or do {]f0ldx on our GDC, e can ensuse. the coreck area.
EG3PFind the area enclosed. by fx0)=23-bx*+x+6 and the X-0xis:
Rooks at 2=-1,24:3 . Spli e inteqyal and use obs ol Avea= {0 +|[‘fias]
=|(5-8 6 |E-8 Fvoxll| =B )+ B =% +B=%~ 18
L oo Justtype [}[20-ta? el on GDC and get 18 imwediotly

AREA BETWEEN CLRVES > Lue. con find i by using tre opometric fack Yt Pe-fow
m&eareaww&x)wm:smemmwdergmwmmusmh w%&@)
the area betiween the. cunves. We can eikrer do 2 sepacle. inkeguls, = £
or subtroct the. fuckions, sivplfy, and then inbegrate.
AREA BETWEEN CLRVES = ($(c)ax (g = (- |, o e
EGLP Find the area endlosed. by Y=2* and Y=x-X, 05 well as the
line x=1:

L(‘zmpNngitmwrGDc, we see. both thot they inkersect ot 2=0,and
Y= is above. 0 Area= §(oC-(2-x)doe = 3 = QU1

[ 1 you howe seckions wher £ &g switch positions, then absolute value Should agoin be used.



[517] continued

Y 3:{(1)
Y-AXIS AREASF S0 we've dealt wikh area. under a cune, which can -
o b sen st i eken the e onttre x0t5 BE o/
whak abouk the aren. betiween the curve and the y-axis? s seenhee -
RULE T do this, e need. to regord . as a function of y , and ren pesfom (F(y)ly.
E6Sh Find tre aea bounded by y=sin’e-1, y=0, y-T,andbe yots: [\
Moke. x the subjeck + siny=20-1 — X =siny+1, then integrote. $is wikh ’
respeck to yy: g:(l+sm9)49=[9-c059]:=(n-cnsn)-(o-coso)=(n_(-x))-[-n=M o 3 >X

SOLIDS OF REVOLUTION Hawirg Just deolt it finding 2 arens by considering o sum of infinikely tain rectargies,
or trpezin (as in A7), then ik follows that o similar technigue. could. be used to anolyse. the. volume of a solid
forved by rinting the wrve. 360° [2Tmd.] around the x-axis. L e o

e g e yerne
extremely namow qylinders thak Lok Like flak discs, being summved
toopther:. Briefly: As the volume of a cylinder s gven by V=TIrh, Vi
ond 0s ' is actually the. ‘y-coordinate for each Gulinder, ond 6s h—0, we. ot B fomula:

The volume of tre. salid creaked when (b 2
okoting 2T around the X-axEs bewaeen azb : V-ﬁﬂg dx

~In FB.

EGblis 2015 Te. region that is bounded by y={n(5c+10), and. e lines x=e and x=2¢ is tobed 21
obou: the. x-axis. Find. the. voluve.of this ryon:

Use: V=Tl = 1 (n(sce10)"dre= 1[0 Tisis dfitely too tricky to consider doing this
Monuolly, We bupe. this final fomm into our GOC ... = A2 (wits’)
I Aogain, or s too, uou wiay have bo do volue about e yas. Inthat case: | V=CTOCdy |1 oo

.G The voluwe of a candle can be modeled by rotating be area under
the curve. y=2%F), for the donvain of 0=, 360" dbout: e y-0xis
Find the volume, where this veasured in ovs:

Firstly, we'll need to make x the subject : =525 — % s)=2+2
B +Y 0= 4 -2=x-B - $-2=x(1-4) - 155 =x
— X =3 Our limits need to be y-values: ok x=0,y=L, and at
x=l,Y=2t. Bk i 102 Q0 [Ty, wed just 9t e blie volume. L can
also tate the Line 2=t about the Y-axis to get the pink volume. S0 onowr GDC, we do ko integuls:
\lot.=ﬁ[ )dy +ﬁ[ (@'dy = Q9345 + 12063% =130592 ~ 13} o’

RETR

1)




@ — Kinemadics [a] ) s.qf 59

Ml !

I This wihole. section refers to e study of one-dimensional, movement, specifically using
coloulus, The moventent can be described. with: Displacement (position in relobion to the origin), velocdy (speed., buk
with a. direction, S0 can be. nagative), and acceleration.

> We can sbart by noting bat, by definition, velocity is the ke of change of position (the clbe s in the uai,
SUCh 08 MEAS o) “Then 0150, acceleration is the. e of change of velocity. Lok this means s that both
velociy & aceeleration can also be viewed as denvatives. Thesefore e get

WIS S _tisveans: vE)=% © al)=4 =4

and dlso: VBdE=sec & falbidt=viEysc

bion
EG1P A helicopter is J000m high ab £=0, wher v(E)=-10t. @ Find af): & ® Show that s(10)=500m:

a()=4F = ~100s* |® s(e) = [VE)d = -5t ¢ — 5(0)=-5(0)+C = 5(0)=C = 1000
.~ Sl)=-5t"+1000 — 5(10)=-5(100) + 1000 = 500m

E.G.ZI> An object moves with displacenient 5(e)= -3¢ -b om, for £20 seconds. (nere does it change. direckion?
L et vave v=0 to chanog difection -» V=45 = 8¢™-3. Set %'-3=0 > 3=3 > t*=t —=Xor {ser. find
displacement; o t=1: S[1)=(1-31)-4=-6cm. ie.: bom'to the lft]

DISTANCE TRAVELLEDF>The distonce. travelled. by an object is cleorly) closelyy linked waibh the concept of
displacement, 0 we will. be able. to integrate. velocity to help us find the distance. trovelled. However, dist.
bravelled takes inbo accourt all changes in displacement, even negative changes (going backwards). You may

_ o : InF8
frdarboee gl dionct onibe feun e o wder Ry e, “ 0 e

Le.: With definite integrals,, but we ahsolube value t0 deol. with the backwards movement:

> Tf doing this manually, you split up the int2gls beliueen their rooks - whidh here are he changes in direction.
Trat way, you can diange. any ‘negative distances’ to be. positive, just 6 with area.

EG.3I A particle has velociby fundion, v{t)=1-2t os. Find the distonce travelled by the particle in e first
second. of motion:
L e need o et o fooks o b ucion fst+ 1-25=0 — £ =05 secs. (e, Could then have ook o

\ V()

the ofaph of V' %m

LJe could. Spi the integral up into {3k + { v, but e need to do ([t +|{, v dt| as te second alf
of the time, ik & going bactuards

Really, in ATHL, we. should. op straicyt to the GOC and do [ |1-2¢|dt=05m



@ — Differentiol. Equations [a] w58
b T we toke y as o funckion of x (Y=F ), then we soy thok o differentiol equation’ is on
equotion that relates X, Y & % (o higher derivatives), with e generol forma:

Fla,y, %, % . 98)=0 S« is the oer'of tre dif. eqpotion
Eﬁ.lb%+9=x—2}amaremmgsofmﬂrgHemaﬂe‘emateqwhm.&muntdowg

Wry=2-271 mean? Well, in words: The denvative of o function of X, pus that same function,
f0+H0=x-2] isequolto x-2.
> From His example., you start o see. ok Solving” a. differentiol equation is nok o cose. of just finding a
nuvber, but, fotier finding the unknown funckion: y=f(x) that fits.
> Agort a. dlight excepbion in 5187, we only reallyy work. with first -order differentiol. equatiorg.

FINDING SOLUTIONSF- So if the main gpol here. is bo find 8ris function thak fits he. diff.egy., then we need to know
a method for finding ik, and nead to knoud when we. can use it. AL HL has o few methods of sobving, whereas
Akl WL jusk has one — for separoble equations.

SEPARABLE EQUATIONSF> A separuble equation (s TR .or it con ot least be
one tnat is in #e fom shown here. — 8= P0G e o s o

G215 2%y 4 =x-5 in ‘seporable o ?
Yes, i can be romanged to give: % = (2 (5), 0 p0=32 , )=

SOLVING P> Now 2. knows when we. hawe. the. comreck: fom for this, we. can discover the steps (equired. to end
0P Wit 0. SOWHON : y=Fix) -» the function of x. that fis our oniginal. differentiol. equation.

D> it it i the fom: % = pl)-qly)

- Rearmongg. 10 op ggdy = prode

H®» Inteoyote both sides, t get (5dy={ptoidx [yow only need o put ‘s on one side]

© Sobve for y

EG3bSolve & =¢7:

L cenrange to 8 =4, on exy=et. Tren itepote ok sides (Py=[erdx — €2 = eec

b sg:g}!g +Cl

EG4/ Find the solution of % =3ty +ey:

L Factor e, R4S to gpt+ = (3, eommnge to g — Lyduy= (3t k. gt iy dy=[(atvet

— 2p=0rerc Y=oy



[515]- Slope. Felds mg

Ml

I In subtopic 24, we. saw how to solve differential. equations to find a soluion funckions,
m»w,mmngem/ws,m&dn’t{uﬂc.ﬁowhatwemauafownwmmrysoum—asetof

solutions. In this section, e try to graph them.

EG.L{ Grroph six solution cunves for 4 =%

Lt s sepantie, 50 ydy=zzde — {ydy=fadz — y=2c,

Mmeaning the. solutions are in the. fom - Y=2/c+", so we could

Ve Y=2/5+T", y=+/3+x, y=+*. Lets gfoph those six &5
This s fine, but (s olready looking crowded,, and. how did we

even pick winich volues of ¢ to use? (ell, there is an alkemative

method. (e can take o group of points that cover the whole. plone,

Y At (6)
often ak all the inbeger points (or smaller ‘found’ intervals) - and :t::: :’:/;%&‘%4
: . : i 7
at each point, we will drow a short Line segment using the. slope e
of @ solutton curve ok that point. These can actually st be found V VNS B
. 2 L35
by doing % ak your (x,y) coordinates. T we go back to our opening | LAY :“3';“
probles, then ot (6,2),44=5%=3 o ot (-2,5), =2 or -Ot. Findirg Lgdnmp~nniX (ioged
oll of these. and. plotting each line crentes whot we call. o slope fleld. 2/ <~ = = ==~ o3
: 25)+ % =% =25
EG2 Do  slope field.  — (e Look for patkems, inskead. of e
for the differetiol. eqpiation st finding every single siope. for LV g ] ) Eres
o Y= exawle, ot y=-1, 44=$:=0. We L ENA ] | e
coll. this line of ok sopes: an docine. 5 L L LTk
NOTE > You would almost never be asked to drw an entife slope field. YYD BT

You may be asked to analyse one, and porentiolly sketch a solution curve.

This s done. by taking a point, and. follow the siopes to make a whole. curve. Tmportantly, this & dmost exacky

the same as when you mignt “find ¢’ after solving a differential eguation.
EG.3)>The slope field. shouwn on the. it i for % =2x+y:

©@-Find the slope. of the tongent to te soludion cune ok (3,1):
L%=2(3)+1=z.smmmpmu

©- Skelth the particular solution possing though (3,1):
LExteMboH\wsfmm&\e(&,t)m\esegww\t

© Estimate o minimum point for the solution cunve:

- N

|
\
\
|

Sees to be. aound. y=-3. To be & Minimum, % =0 - 2t+y=0 - 2L-3=0 - X=15— +(15,-3)



— Euler’s Method ()

GrOALI> Tn this section, we are. nok trying to ‘solve’ & differential. equation. Tnstead, here. we
are Just tying to approximate a. y-coordinote of o point on the solution cune, given an inikiol. point, and
the differentiol equation.

THEORY > With the differentiol equation, we. can use. ik for one of its fundamental, purposes - bo find slopes
Of tangents. We find the slope of the tangent at our initiol. poing, and. move along that line. towards our
target xX-volue . At certain points, we con readjust the. slope, /direckion, to attempt to follow ous™ wnknoin
soluion curve. o some. level of accuracy, Eventiiolly

e reach our tarek x-valwe, and whatever y-value | ¥

we. have. ak tnak point s our eshimate.

e

DEMO/- The diogfam on te night gives a general, sense. of
how Euler’s MeBiod. works. Note: you wouldn't be oble
to see te solution curve A whilsk doing this. (1.1) &
owr initiol. point. The. pirk line .~ shows the tangent
of the cwrve ¢t (4,1). TF we move | unik Aigh olong tre
pirk lire, e reach (2,~12). S0 12 & our estinvote for y(2) using 1 ‘step’. You con see Tk is not very accurate.
T inskeod. e stop =195 (point ), and B ak =125, L can tren wove in thot dicection ~ for a. short
tisve,, 05 thot is cartain to keed us doser to the solukion curve Hhon the pink line.. T we do the, some. slope
odjustvert oF =15 1 135, then the. y-oordinate., ~1.3, is our Li-step eskimate of y(2) using Eules’s
mewm.&smmmgmm,mqmmmm(m@mw\,wm.
FORMAL METHODP> To sus up this iterative process to find. this y-value estimate. formally:
For o diff. eq. d=Flx,y) and. initiol. condikion
Y)=Ye. Given n point (Ca,Ya) & Step size=h,
(0+1)* point is given by XomXarh & YnUath-FXY,)
EG.APGiven G=2"+y*, 0nd initial. point (0,1), using . skep LRnoth of 02, estivate Y when X=1:
Ly mawonsy: calcutate FUCa ) for each step, by02, | GOC: Ti-nspirefs Liskst Spreodeheets:

X

:Acb.wl 5-mmaz(z,z 1)
$ Estivale w/ stopsi(2,17)

’ i Estivate wf 1 step:(2,12)

+10 Ua 10 9k Yoy, UntL we have =1 . Y | dudx

X,=0+02=02[y=1+02(0%1")=12 T 0 [ 1 Fawe_.,
7 |=a#01|=bs, FEoYe

X;=0.2+0.2=06/Y,=1.2+02002'+12)=14% 3

X;=06/ Ya=14% +02(0%+1496")=19756 - [ l\ | g

L,=08 [y, =19756+02(06'+19756)=2.5082 5 fornulae
o 1 4356

s=1 | Y,=15082402(08"+2.8787)= 4556 i

T8 Tusk do the pocess on bhe (eft using the GOC




[516] contirued - Euler’s Method for Coupled Systems

COUPLED SYSTEMS > This is similar to relobed. rakes, bub only in sense thak well Look ok e, relotionship betrseen
o2 than tio variaples — usually X, u, & time (€). Specifically, i wilk be 0. system of 2 differential equations, one
showing how X varies over tive: G and. how Y vanies orer tivie: §4. Both of these. can be funckions of X, y &t.
USES > Whnilsk tis can be presented abstrachly, i can have. Moy interesting real-world. qpplications. The. nain one being
predator-prey models — how species At both differ over time,, i relakion to the. 10 pop® numbers. Other uses include.:
volbage fcurrent: suskems, hamonic. Motion and oscillators.

- . (%=51-2x is: [ X=51-220
NOTRTIONP de could sy s s {E=52 or tis {9= e

EULER'S METHOD/> Whilst we. will. consider solutiorts to these. systems in A7, for now, Wwe will. just see how to

find approximate rumerical solutions Using Euler’s Method. Tt will work in a very similar way to before

~You il be given an initial X vy volug , but also an initiol 't - which is new.

> The. gpal will be.to estimate X3y 0k a fubure poirt in bive.

- You will. be. gjven o step lengp agpin, but hese. i WL be. i swll, pesiods of tive.

> % L% tell you the obe OF change O X LY, 50 we calculabe it for our initiol point, 0nd Move at #hat rae

for & certoin short tive period.

= After moving for thot time. period, the. rates will have changed.. S0 we Reolculate o e next point, and move
Ok those new ies for notrer step. Repeat this process unkil. the finol point i time, uou hove an 4y estimale,

GDCYou will. use the formulae in Lists & Spreadsheets on te. Tl-repire.. O tie TI-8lx, o can change tie mode
from ‘Func’ to “sea’ and type. in appropriate. fomulas for XLY o Uk V. Whatever the cos, the fomulog are:
£ 9 =ond) o« 4 =Ll B b h Lo Lo R o) [Ynse U ook [ 402, 1

E.G2>The population of moose. () and. wolves(w) on an island,, ofter + years, are modelled. oy the. coupled

. [der = am(m-20-3w) ” :
W'@&i«u@mw-w Tniiolly, Brere. e, 150 moose. and GO wolves. Using . step lengfh of

£=01, estimol2 the omounk Of MO0SR % Lolves on e island after a ygor:
L)nwmu:/: Me=150 b Le =10, We Con colculate. | GDC: TI-nepire s Lists & Sprendeheets:
fotes ak £=0: o "

dst- - 0(150-20-3(40) = %, (10) =35 o B0 40

% = %’20 (3(150)_300,5(u0)) : 15(_50)= -0 :z,’ =040 =hom$;¥h-m.3.t.) =C.ool%.m.s:a

o M,=150+04(35)=150% . l//‘f_? I—/“ﬁﬁﬁ"
and (0, =60+0.1(-10)=29 : i

So ofter 5 0k o ugar, owr umoers ore (15035,29) S —'—\_\mwms

We'd have to do tis 4 more times to gt ourarsier ! | S0 L und 40 ~ 163 Moose

50 e use our GOC instend T

w




@ — Prase Portrats & Solutions [an) -

Ao
COUPLED LINEAR SYSTEMS > The. coupled diff: egs. in this section will be in Bre fom: {gﬁ%

VISUALISING SOLUTIONSI> If we take. the Euler’s Method appximations for £4.2 from 5767, and extend it down for
10 years insteod,, and plot the x¢y 3] values, then we. ot a good visualisation 3\

Of the. populotions over time., given the. (150,u0) skasting point : D
LY could also just ook ok slopelé) o cestoin points, such 0s (170, %0), lso shown ¥ ﬁ
on the. guph: %=7',—ox(;c-zo-39)=,,‘m[nw[no-m-s(%o))«—és & B~-%.Tis |0

{2l us that i the. pop®s are ever 10 &80, Bhen both Wil decrose from e,

w | " X
This s wWny W have on oow facing down & LR . 0 W % T 50
PHASE PORTRAITS > You Could e s Covering e Uire Coontingle e, & 4 2 4 v v v e e
arel i would ko the qenerdl Shae of oy soluion cune, Shouing e o v o vt NN
trgjctories they would toke. Ths meons vpu could ok any kol point, ol w64 v
and follous te armouws to estinvate. o solution e, For exampe, toking Bl oot S i
tie same sibuation, but imagine we stard wit (200,25) or (196, 85). Te - A s

W 1% w00 20 WO

Lines Sowon from « & » sivply follow the. amows, and they all. seem to
spiral. in on Lhat e call. an equilibnium poir. This meons in e, Long-tem, gjven any of three initial. populations
ventioned s0 far,, the. eventual. numbers would be. ~ 2104 ~60. Overoll, this graph is colled o phase portrait:

EQUILIBRIA/>The auirves Lot aluwas just centre. on o single. point, and they won't aliways follow this type
of spirol either: There are six tupes of equilibrium poink of prose. portrais for owr linear coupled diff. eqs:

)4 >{<@@>>2<<

STABLE UNSTARLE ms‘fﬁGLE
FIXED FIXED RRLE CenTRE

mbrwm,wmmu&mmsamm ok ~(210,60).

SOLUTIONS> We. were. able. to solve. regulor single diff eqs. i tey were sepasable. The fomal of the. ‘Solution’ then was
finding y: . function of x.. S0 whak i the forvat of the. solution for one of thee. coupled. syskems? They are. vectors:
0nes WherR. both sy components are funckions of ¢. Without any extra. info, Bere are infinibelly mony solution curves.
If uou are given on inikial. point, you. con find a specific soluion, just Uike trucing one curve on the phase. portroit.
I we write, 0. coupled system in makrix form, then ik can b used. to find. the. general solution :

93 g‘:%] tnen e general solution & |7 = AC™* B, +Be™ P, Lo mnes

- Where A i A ore the eigenvolues of (‘é 3) and i i are tne. eigenvectors {ox dosified.in £6)




[517] continued

EG.1Take the coupled sustem ’;Ziii.%’g] . (@) Find a gererl solution:
We toke. (3 %) and. find. eigenvolues: |52 7520 — (3-(00=0 - A=5 ¥ A=l

~(E)=ne)+8e )
(D)G\.V?f\m(l particulor solubion cunve passes though (-4,-14) ot t=0, find the solution :

b (8)=Ae ) Bel=) — ) Bl8)=b) - (521, e 83 8=t ) 3 )

Find. eigpavectors: (2)-(2 £)(8)=0 — 2a-b=0 - fi=[3) [3=(})

DETERMINING EQUILIBRIUA TYPES/> S0 we- con dlo bekter than jusk, identifuing tne. tupe of- equilibrium poirk
bglootmgotamm&.m,mmwmjbeouzho WWW@WMWM%.
thenvselves. Specifically, the forvat of the eigervalues will. determine the. bupe.. EipMRCr help with direction.

—*BOW\QGL&POSW where )\,>)\l>0,ﬁ’\€1\ ki Uﬂmﬁ)@d,
w/ trojectories storting along ., then tend. towards the f direckion

- Complex, postive. real gats: then it is an unstable spirol.
— Both real, & negative: whe@ 0>A>A,, then it (s stable fixed,
w/ trajectories approaching (0,0) along B, storting pasallel. 0 7,

> Covplex, al. parts = O: then i s 0 centre.

- Real,, | poaitmllmg)h)&: whe® \>0>A,, then it is a soddle,
w/ trajectories tending towards the. , direction

- Comglex, negotive real parts: then (& s a stoble spial.
NOTE [ The. eguilibrium point will. be of (0,0) for tre<e. lingar sugskems

DIRECTION OF SPIRALP Pick o, point, §ind. 4 % & tiak: goirt, then the. direction tells you: cL.-wise of nticl-tise.
EG2P Skeich e pnase porroit for %ﬁsﬁuyl showing the. trojectony from (0,1):

Y

Fmddnrocwmpotwo?( ) (A-QD-6-(1)(5)=0 — X-10A+ 2 +5=0 — X-10A+24=0

Solbve: A=102FEL=5+2i Complex, tith positive. ol parts,
Therefore., we ek an uastable. sl for (0,1), we can find
lks WnitloL sope. » % = 6(0)-1=-1 | Y =50)+u(t)= , S0 tris

Meons above. tre. equilibrium paint, i is going up & (eft, and
£or this position, its means ik rtakes anki-dockuise

g



~ Secord-Orcler Euler’s Metrod (g

SECOND-ORDER DIFF. EGS. A second-orderdiflaential equation i simply an equiation that, can be
witren in the form: i =l 4, b). This may be daunting, bt s Just an equation that Links our a0 vaiabies,

the fisk denative, and crucially  the second denvatie o, Lich L2 haven't seen before. This could be someting
ke 328%-9F +bx=t or even 2w-Fu0=u.

SUBSTITUTION/- The main techniue. here will altoays begin by converting it to a coupled system. Youll be oble to
achieve this by substibuing y=% . This can also be differentiated — §6)=4{%) — 42 =% - whdn is the
second substikution, Gving upu % =..., meaning you have. boti elements of a coupled system of dif eqg..

EULER'S METHODF> So once. you convert, upu. can camy ouk Euler’s Method just like in 578792

EG 1P Given 45 +2% +31=sinl), ond ot t=0, x=1 and 45.=-1, estivate 2. ak t=1 gbmasteplergv/\ofo.z:
lfktd'ag(w% =4%) , this gives us 4 +2y +3x=sin(e). This means we have: {

Our GDC gjves us the toble. - X | YD)
3 /awanswer s x(1)=00058!

Y=Sinlt)-3x-2y

LINEAR>To be able. ansuoer more. inkeresting protens, the. coupled. sustenn toould reed o be in our tinear”

form, Le.: "g_a&t%} FOr Hhis 1o happen, ypu Laould have bo be given: 4t + M4 +1x=0, and will

oluoaug comvert 1 gt [3__nx_mg,mmmmmwwmm.

EG2LHO- For tre diff.¢g. 247 +S% =3, gven x(0=-t ¥ % =5, estivobe X(2) USing €M, with h=05:
As usuol, we use Y= & % =Sk | s0 25y =30 — 4 =3x-%y. This, anganb\/\eeawhm

=Y s our coupled system. e then use. the GOC to find (7). In G, we type. in g

=G+05(15b+25¢,) and in by, W type =by+05(c,). Drag ik down o £=7, and we -gggs
=-500781 = -5.01 230313

ot X(2) 201 B

D) for the same. inikiol conditions, find. o, particular solukion for 28% +5% =3, and use

it 1o §ind the exact volue of 2=2:

Lr\gam 102 Work to Uge. our coupled sugtem: {3-151-259 — sohve et} yi3o)=0 — ADW25)-Li}15)=0

- N#15A-15=0— A\ =2 ¥ \=-3

el o .;s))(%=o (55 Jeomosab-0— i) Swiaty A=-3 i)
(B)=Ac*(E)+Be*(2) 2 Acl)+BeY)=(3) - (Kibos ~A-118=2 - (§)=-¢*(i]-28"(3)

X component is x=-2026”, at t=2: x=-26"26""= 00 - & = -53656_-000496. =54k



