[T0PIE/3 [ TRIG 8 GEOMETR)] "

. il
/3.1 /- Basics

> In the previous course evenybhing ia this section was assumed. prior
Knowledge ~ because of thak , I wills just preseat these formulae,wio deriving.
DISTANCE BETWEEN PoINTS [ Tis (s found. by creaking a. right -angled triangle
and. using the pythagorean theorem to find the distance (be hypotenuse):

: o=l Yy | | deflenl gy oz)

~in £
CYLINDER/P "Circulos - prsm® E.G.1/b Find vol. % SA. :
=1t
= Tl 2 ° H : Vol.=T(2)" ¢
Vol=Tlr*h |, . 3 \ = ullcw’
i ! o Ilew?
— 3 | A
S‘H' _m [+ 2nr J ¢ g e S.A.=2H(2)1+?_7[(ZX6)1=£O=1CM‘

CONE > “Circular-based. pyramid” E.G.2 /P Find vol. X SA.:
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Cusved face. = 1a F.5. i
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- RGES _ qus
Vol.= Y5 (TTr2h) $ Wl.="3"""3
0EB. = Qs or 283 in}
SA= 'ﬂ:rl,‘[ﬂtrz) fh S.A.= T(EYF) + TR3)*
CuNed{cQ/ Y Fe i = 301 in* or Gu.2 in*
SPHERE [~ T €.6.3b Fnd YL.§ SA:
|
| Vi L —LL)——-MM
Vol.= %3 (1r3) | 4 052 13
“InF.8 I
= T I S.A.= l&Tt(ﬂ) ™"
SA=LTr : u% -
PYRAMID/P T eGu/ G Vasa: Vol = &
£ nF8. *
VOL _ BRSE AREA X " : gexcz io =120 cw®
S A T I
x},l
b S.A.= (4 Trinngle) + Square
Slf ;} No f;mula w, : =(l+ (mz)) (64 é)
ust o arens
of all faces i = 180 o







/32/- Tnangles

TRIG. RATIOS/~ One may notice that when you have a daht -arxauad

triongle , and. one other known asgle, ik doesn't makter whak ‘size’ the triangle s,
the rafios between the three sides remain constant. The ratios can be calculated
with frgonomeinc funckions: Sine , Cosine & tangent [sin, cos, tan].
| Each one of these relakes to a ratio bebween a pair of sides:

SOHCAHTOA

Opf-

Lsuuc— Cos —-J-’L anx=——
H\;P | e Hup. | ¢ Rd,j.

- 1%

[~ Nok in F.6, ‘adjocent’

E.G.1/>Find y: We have ofp. & od). . use tan: T
tanx =74 =tk L |

!

T 1Y
Scn 5=5-tan(3c)—-) Y=3.63em

]
3 €

E

£
o

'\:".

6=(37

v

G.2 /> Find @ : We have opp. & hyp. .- use sine :

V 9“ - 10
’f sinb=x7 — 6= ;’-L (\\ ?)

lnverse sine’

ALL TRIANGLES/> As any triangle Can be spik into two right - angled. triangles, these.
fules may be extended bo leb us work with any type of briangle. -

.
If we label a trangle .. then we. have 6. b ..c_ e
os guchs the. followring: SinA _ sinB sinC | rule’
o $ C7‘= a‘l+ bl— 20.b COSC .
;ﬁ 2 b2 _plL Cosine
E.G.3/> Find 6: We have pairs of opposite 5 s a'+b*-C i
angles & sides .". Use sine i : 2ab
% (30 i) —,
& _s_énTQ_sm —>sinf= 505:\(30 : To— '/7_absmC Pnﬁ:‘

E.G.U/> Find x: e are given the asea,
so bry the areq rule.

= ki Area = Y5 absin C
E Y 35=15 (13)(8)sin C
- sinC =35 —(=sin'(3)
C=%7, Ja%°

|
[
|
|
l
1
l
I
l
l

EGSJ—»FlndSnAegfromecru

[-) We are conswlermg three sides and an
algo,, s0 e use Hae cosine rule. :

Yt= 824138 2(8)(13) cos (135
Y2 =64 +168- 208 cos (135')

9:/380.0?8... - Y= 19.5 cm



@7 = Trg. Applications Ash

P There are mauny possiowlities for real - world sibuakions in which MI‘

you may hawe to use the érz“g. mwles from 1327 , o SOHCAHTOR , or even
the Pythagorean Theorem : o1 atupk
e QN;_; O4bt=ct or c’—_t’:a"'
o NOT IN F.B.
> There are a couple of pieces of terminology you May need to kaow :

ELEVATION/ DEPRESSION = The angle of elevation/depression refess to the angle
between the observer’s line of sighk , and the honzontal.

€.G.1p Angle of glevndion T E-CI»Z//* Angle of depression
s 3 ; Y is &’
Ay !
- |
T N
BEARINGS/> This is used in mvigationY €G3 E »
| Bl
to describe o direction from one poiatfo | Ao B: 063 &

[ .
another, measured, clockwise from Aoth.| BtoA: 68+130'=243 , &
t 8

ReAL-LoRLD APPLICATIONS [+ A couple of tips - always corsider a diagram, and. if you are
Stuck. ﬁ;l\dif\s the size of any angle oc Side lengtin possible s aliways a good place bo st
E.G.4 /> Find angle. <FHB €.6.5/> Fiad. the beaing from mast A bo

[
' the phone, aiven mast B s due East of A:
A 3 L‘F\'v\d. FH: FH*=3%9% | ¢ e -
5 4 7c FH=/145 : Find B woith cosine nule:
| " | N __5050'4+6000- 2420
E . Con:udﬂ‘ A FH&: : 2 ® il 058 =23 (oacione)
o 7 S ~ .
:c-: \¢A l”““""fﬁs‘ I q :a @ =S '(O.‘II%,..): 232
P e e é 5 " o | Aé Co0oTe ée S Vo .
e Bin WnE x= 449 : - Beaﬂl\j - —q0 232—066—8

E.G.6/P Find x, the Shortest distance fo from the beach to e (sland

r NTA-’T? L' Find angle. <AI8 : 130-40-30= 110"

r Use. sine rule to find AT : gﬁ—b=gn%,n1=3q.zoz..m
Make new Eriangle : "

1o Pt sin30=500 , x={1im to swim

[¥)
'b""" X




?O.Ad lzm/\unoLosg abouk | cwdxs
Area=Tir> chumFerence =27t

Arc Lengb\n [ 8L Dif PInEd. |

“Perimeter =104+ 0+ B A =koom t:j:/:?;:.
~Pte pepo ‘re'dwsemsmusabguw;m iange les .




I merzpr_umcuwz BISECTORS [ A\ hiseckor Ls umm cus halfway ﬂ£

behoeen two poinks, and_as 90\1 kt\ow, pelpendzcu[af is o ngkk anglzs’ 1 T

- Line 533""3“" bd:ween ALB,wmd passes H/\rou.gu -ﬁ,&a_*»_ EEWSEEE
4M\dpem},o{!m{5 |

*PQOP-EET\ESI—* These have. certom properties : | H f:i :: [
- Every. pomk, on the pecpendicular b;,sed:or i e%tdl-sc‘mﬁ’ f“’M AYB.
EveQ; pou\)o left of the Line is closer to A, and vice versa. __:__;__ﬁ

xC

Fmdwslopebe,h»&nmopom : f ...... LT |
C(ILCULGIZQ.S[OPQOFQUMPQFPQA&MJO 22 I N O O
* ... find tae midpoink of b0 poinks [ T11 [ [ 11 T]
Fond Wt equakion of Has bxsedor given ks slope, and one pou\k on

(kw. midpoint) = eldner wlﬂl\.7(17.&':-...Mx;kc..~0(‘_.(.3_9.).,-_M(2C.,_ -x,) method.

A0

b\sed:orso[- A&B ond oF AXC: .,___-.ﬁ,,,,__f,w,;;_ | A1
T istly, Bee P8 of LB Slope bewseen AVB— | N1/ T
=55 Rphbk=% Midpoink =) T N S sBe)

1=(8,8).. Y- 5. M=) = Y-f=1 2 (x-5) —
3’3/19‘-*/’?- /So.me,, r ALC gives y= Hx+?

et poiak: Zxrs =B+ F L% xr-=Fxwsl | - ) ! | é o]
%3l a2 s 3x =39 x=3 Plagi: | 1 T T

TR y=r | [Heace USB) [ 1 T T T T T T T T TTTTTTT1T]




~Voronot Piagraws |-
e have olreadsy seen bouw, with 3 A, MY
poinks, taak centre poink is equidistont. HEY 0N HEER
The. onrproperbjkem HAoug\n Lsu\a)ce\feg,,”-g, EEHLWiE
.pomtmmch PQSLO!\ or cell , ts closest | B B S Sl

..................................

s equidistank fmm A,B,&F:?,(é,_é) : eI 7 [ [
b) (3,4) is closedk “:b..;mcus:we? WS |
Laen BE

_ .}rom B, uwhida has edges on. aLL svdp.s |
USES > Thaece are used in the real - world {br ]Coresl:rg L\Ll.pmj Preohct

.foresl: &res (n duwshy on a. molecular level, and one of e most
_common ;. cell. phom towrers - dzbemmmﬂ uowoh bwer wtxjom s closest L’o

:vera small \/oml\oc, d.wﬂmm ond. add,ms a sute ko an ewsl:mg maam : |
jFr\o.Llﬂ _vou ikl leam abouk: nearest. nec‘ghlaou/‘ nbegpolation ond the |




[3.6] continued (2/3)

VORONOL MAP (ot required) /- One (nteresking use of Yofonol diagrams (s to
apply them to maps. This reploces the usual country korders, and changes
them to be cells that are dosest to eadn capital diky.

MAP/ OF Africa -

Perp. bisector between
Cairp and Khartoum

This ' is really in
Angola, buk this map
ghows thak t's doser
b windhoek (Naaibia)
bhan Luoada (Angola),

« New 'tountries' (cells) now have straight borders, as they ase perp. bisectors.

- Countries like DR.C., Ethiopia and Algeria geb much ‘smaller

- Countries Like Eritrea, Uganda and |esotho gek ’Laraer’ - which means

tihat areas of neighbousing countries are actually closer to those Haree
counbries’ capitals. €.G.: Tigray reguon of Ethiopia is closer to Asmasa than Addis.



from tae ackual: ridpoink, to geb furter away from those 2 poinks, you

will: eventually reach o vertex. Hence, the centre of te ‘lEC’ (lagged

L enply circle) willk belon a verbex.

€€ for e, Voronoi, n b qid shown i |
S Gtar ok vertex: Qor (5. Test distances o~

odjocert vertices , the (howse. First: (2,6) b Al |

=[G T =10 =13, Dist fom B9WOMBE) [P | ¢\




/3,77 - Rodlians, Arcs & Sectors ] ‘“W

L
RADIANS > Ever since elesentary school, you measured argles in tevs of degrees, where 360°
regresents a. ‘full-tum’, and 90° epresents  right-angle, ekc. (Unless you saw s in the past yeor o 410), 10w,
LR Leam an altemative to degrees — rdians. Tt s Just a different way measuring angies, and is a simple. lingar
conversion: 21 radians = 3607, T( rad. = 180", % ad. = 90", T rad. = 30 efc... In fock, there is 10 symbol for radiars
like these is for degrees. For conversion betueen Y@ two:

deafees . 17 = dians j-oe—{ 104005 55 dogyres 24"

[>Tt might seem quite arbitrary, or even pointless, to inkoduce this new angle Mmeasure ot nis stage. But the
fist helpful use of radians is shown below. The, there are furtier helpfiul, uses in calculis, tnig,, and moe.

> For the mode on yur G, and. for your own thinking, you. nead to know which one o use. Radions should row
be the defaulk, and uoull only go back to degrees if upu see the. ° symbol. given in the question.

ARCSECTOR > You. should know how o find. the area. or
Cifcumference of a cirdle. Tn the I8, you feed 0 know how
find o certoin port/section/fraction of the area or circumference.
You did. s olreadly in degrees in [34/. A part of o Circumfzrence
is colled an are (see diogram). Tre flaction of the areq., n the
shope. of a pizza slice , is called a sector (see diogfam).

ARC LENGTHP As a full circle’s cistumference is found with C=2TTr, ond we
mm%m%dmm)mmmmﬂgmlsmr,&a AYCLQIIQTH'\:GF
SECTOR AREA T R Use exackly) the same. oncept, we would simply do oy forroms

£ » [area of  circle] —§ Tr?, which oleo cancels nicely to get: the fomwila — | SAOC ARRA="56r*

Sinfe.

EG1P Find te a lengtn & sectoraen. T E.G:2 Find the shaded aren.:

Svuon in e digam beow): | Ly Shoded aren = sector-Tongle
L e tenggn (=0 Sector: 5{5)007= 1A
[=%5+8=[6gem | ] Trionge: 5 (00)sin%=1732051..

g, Sector Area. (R)=46r" 2094395 - 133.9051 = 262 m*

A=5(2)- 8" =670 e

o o e e e e . o



~ Unit: Circle & laentities fi]

UNIT CIRCLEI> This & a cruciol ool fundamentol. to trigonomelry, i is o cirde. with ifs

entre ot the origin, with o mdius of 1. We con analuse the Y,
right-angledt triongle. crented. by the. point (o, b): ol
5m9=§$=-1—=b o @b
Using SOHCAHTOA: ail. )%
050 = Hyp =T =0 /'é\ ‘
a I x

S0 We gek the resulk that (a,b)=(cos8, sing)

L e, twplication of s stk g pick any poi onthe i i, and et e lne connecing o i from te
onigin be at argje B, then the X-coordinate i €089, and e, y-coordinate s sin

TANF> Looking back. of the tiongle ok te top, we con olso use our knowledge of ’am@-s“‘e
SOHCAMTOA. to 50y tadt. tanB=38% =B , but: given ok b=sind & 0=Cosf, then: — COSB fnrs

SPECIFIC VALUESP> This tells you coseo™=z,
or that sm(%)=”%.\/axw\t15havehodbo
leam tnese. i yowve done. much trig before
18, and you do have to meworise tese in AvA.
Tobe clear; in A1, you do not need o

I>Due. to the peniodic nature of sine & cosine
(0nd the unik cirtle), e values shoton here
rRpeat; every 2 radions (360°).

EGIP i) - sin=sin(%)=4

“This will ollowy us 0 find. all the exack values of tond or oll e angles given in the uni circle dbove, but
ol ks v iyicrtlywren poving st o sobing 1 epotins

AMBIGUOUS CASE : SINE RULE - You con see. apove. thak
the, volues for sine. fom 0" to 90" are. repeated. and
feversed for the angles 40°to 180", This means, when
using the sire ule, you could geb o valid answers.

LSoeiiy\erameptbom,ordmor\e,basedmsmked:

redrichons or baced. on the. context of the problem,

T EG2B K 2ACB=33, AC=10cm, and. AB=bcm,

{'lﬁd <MBC, i it 1s obtuse:
LrTuX) POSSiblthS' fHies shown- p
inABC _ sin3%

¢
ARC = sin(09077... B

8,

i L ABC=657, ABC=10-652 = LI

5

=



[3:3] continued

NO. OF SOWTIONS > f you (00k of . Sine. CLVR., You May notice Hot & passes e vertical ine test,
but, fails tne. horizontal Line. test. Tis mears Aot y=sinc is . funckion, but s inverse isn't. More

levantly, ik lls us thak when you sine of anangle. you gek ong. resulk, buk Lven vpu do sis™ of
value (0 find. 0. missing ongle), you. get multiple results, infack you ogk infinite ansiwers/angles.

RESTRICTED DOMAIN/> You. could., in theory, describe. your infinite. rswsess. for example, S tan repeots
every 70 mdiars. SO you could hae.: taroe=1 — =g + T, ke Z. | S far more likely that they will give
Yok on ingenvaal in which upur angle, or angles, must fall. in beteen.

TIPk> Consider many angies for all your steps, then discowrt unwanted ones of the. veqy final step.
GRAPHING: - Whille. graphing sometinges 0. Uitle extra tie, i can rRally clankiy which resuls to select.

: Y
EG3P Solve 2sinc=1, 0«Xx<2M: — BY GRAPHING : 2 .
ALGEBRATCALLY : 25&\x=1—+sinx=lﬁ Grogh y=2sinx. & Y=1 i}m :H >z
—x=sir'ld) - KO @ ¥ incoftect dovain: N A
G4 Sove Sin=Bcosx, ~Tl=X e T : — BY GRAPHING : oy ”ﬁ
sinx-Beosx=0 — %E,%L—%%%:O TMiStIMe,wecongrap\ = % X
- tonc-B=0-tonx =18 - &)%), % y=sine-Boosx L find oos: 2

PYTHAGOREAN TDENTITY[> Goinyg back to the rignt-anojed triange
(n e unit cistle again, and the only bit of geometry Left for us
to do the Pythagorean theoram on k. Inthis cose, a*+b*=1?
buk recall. thak 0.=cos & b=sin, S0 Wwe get :

SN0 +0s0 =1 [,mre

EGShP If sinb=%., find. cosb:
AS Sin'0+C0s'=1 — (%) +cosh=1 — 0’0 = 1- %6 — o=+

EG6P Solve 2sin'x =% -cos’x, By <x < :
Tsolote, SN +Cos™c : 250K =2 — CoS*X — 25N +CoSTL =% — sinti+ (St +€08* )=
b, sitr+(1) =35 — sintx=ls - sinc =% - 2=C0,$), ¥, .

0R BY GRAPHING: 1 =i
=2sint =25 -(OS'L

% @ ® % -



fel

—~ Matrix Transforvations [aat] g/ 0

MATRIX MULTIPLICATION/> Tf we take. a. point on the plare, (£,Y), and. wnite. i as a position vector,

(6). Then, i upu. recall. from /L7, multiglying this by . 2<2 matrix, would. give us anoter 2«1 position vector:
£GP Multiply (3 t)(s) (=) Pseinaway, we hove oved (52 to (12,7) tough wolrx vl
> However, tis st o helpful tupe. of bransformvation. (ot would: be helpful would. be Moving i to (5,2),
1), 10,),8kc, 0 these. rRpresent things ke refleckion, otation, and eslorgement. Buk with which matries?
ENLARGEMENT/ To ‘enlardg a poirt, (steich i from the origin), T wart o pick o vobix that. sk wulkiglies the x-
coord. by k., ar\dmulﬁplizsgbgktoo ond. nothing el L con Just use kT=(§ 9). For example, to stretch
(5,2),5F.2 ﬁ\enwemmhplg )(5) o?i%) (u) Mowwecanfuvima{rm{ormmjotherﬁm\sformhas

TRANSFORMATIONS - (fre-mulkipl posikion veciors by these worices b0 camy out e listed tmnsforations:

(K 0) horizontal, stretch, (cosZB su\m) reflection in the
scale factor k SN2 -(os2B)  Line y=(tang)x
\ / bl
(6 ?) W “’}umﬁ'” ((sﬁsw? csésﬂg)” byoobut{o,ol)w -
(]é g)"s.hk, contre (00) (ogsm% Slcots\g)" %w

EG2/Reflect A,3) in the line y=x Using mabrices:
Our only reflection &5 in tre. line. y=(tng)x. So we find the & that gives band=1, which & B=T¢. Sowe

Tt na (Gom b0 -Gl ~Hee 62

COMPOSITE TRANSFORMATIONSI- Griven te. natuse of makrices, when poinis are multiplied by AB, then we do the 8
Hrsformotion, oot by A. Keke: (e can also add,to do bansiatons. hn afine tarsf. s (5)=(2 8KE)+(9)
SHAPESI (e can bransform wholg. Shapes by simply putking the. points next to each other in 0. 2xn makrix & muttiply,
EG3b Toke the tnongle ReC, where A(t,2), B6,3) % C(3,5). Stretch vertically SF.3 then (o\nheqo°c-w about (0,0):
Y %‘ ! it
Aec has @ matni (3§ 2). e e (& 8), ten (Gt en)=(3 ) weo (G 8)(3 9)252)= (6:45) s Ao

AREAR 1 an object s bransformied by matrix A, then AR, of image =1 detAlxAre of ofiginal

E G4/ 1BH@» Perkagen P, ith area of Foet, is transformed by matrix A= (3 ). Find the.area. of Be intagg of P
Ly e of P'=1dethle 7 = (32-0)7 =12
K&~ Matrix 8=(%5 ,2) s the combined effeck of transforving by wiatrix X, then by A. Find. the watrx X.

LB =AX - X=A'8—X= (28 05}ty Goc, or =(3: %)



[310/- Vector Basics ] w130

VECTORS - This was ik own standalone topic. in the old SL 1 HL T8 courses. Now ik is just part of

foplc 3 in ARHL S AIHL. Vectors are . way of represefting quontibies with size & direction.
)
NOTATION /- AlL tre informotion needed to et fom A to B con be represenied by

® the displocement vector - B
A COMBINED> Tre. blug. line. con be. written 03+ AB+BL, as tok: gpis ypu from A
€ pC.ieB+B=AC.
EQUAL VECTORSP As AB & BD are. the. same lengfh & diseckion, this mears we. con sayy: AB=BD
And o R s twice te. tengin of AB, we can souy: AD=2-AB
As Bh (s the same length os A8, bus in e opposite direckion, then: Bh=-A8

b OTHER NOTATION I Insteod. of triting AB or DX, we can just use e letker . (e a=AB
(OMBINED This makes the combinations simpler o write.:
':E=a+b AN=0+2b

A= b+50 NM=-b-%0

_ UNIT VECTOR NOTATION/ We. €on use i, &k 40 represent a vector. In 20 space., i fepresents
JL—““J‘ R} moving one. uil to the Tight (or (8), and. | is 1 wnit g or (§). For example, locking o e
diogrom to the (eft, we gek: M=t +2]

& gz 30/ Tn tvee disensions, e View | k] as ‘on the ground., Bhen K is in the ‘2™-direction, Lohich
: Uit up off Bre ground.

COMMON NOTRTION/- Column vectors 0re. possibly the most commonly sed fom of Veckors. From the above
EOMPIR, W Rt the. folloting Column veckors:

R=ti+2j=(¢

@=1-3j=(4)

30} (e con do the folowing: 1 K=3(-2, +5k =(§)

P NEGATIVE VECTORP 1 . vector tnking uou fom the crgin O to P, is gven by p, ten
o/ te.eckr from P10 0 5 ghen by -

POSITION VECTOR - I the veckor om e ongin to @ point. ¥ we have Plt,2), tren 0P=({).



[310] continued

DISPLACEMENT VECTOR/ How can you et from A to B, 1 tems of a5 Well, you could
9 ‘backiads’ down a, then 9o along b in the nomval. direckion. whot this really means is
-a, then b. 50 LR consoy AB=-a+b of just AB=b-a

MIDPOINTS - The. position vedkor™ of the midpoint of A8 can ke calculated by doing OM=25(+),
This can be shown by the fack that 0C=a+b, and M is halfioay o C.

EG.1FIn the diogrom obove, A is ot (1,3), B is ok (1,4). Find OR:
L= st001=1(510) =408)-(23)

MAGNITUDEF~ Tre. magnitude Ofa\/ﬁtiOr'isH/elEIQHﬂ,ordlSphCWtOFtYeW. This is very similor to

mmmmm,aw@mqudmngmwmm@wotmm
(rented. by tre. veckor - so we use the pythagorean tm.:

i:momﬂonkw waopitude of A8 is denoted with: [AB|

a, nF8
CACULKTIONS  you b, ={3), tren orin20:
EG2Find 10A] fom Wre diogromabove §

|Rl = [¢55 =75=5
A

EG.3}For this 3D diagrom (Left), find IAB): :
\ LLootmg at the ‘dimensions’ we see trat |AB|=(—;)
0, 1B = [e= (25T =65 =35 (=6.71)

2

% B

UNIT VECTORF In qenerul, a. unit vector & one that: has o magnitude of 1, whotever the. direction. So you

May be asked to find the unit veckor that i in the direction of some otier vector: Todo tiis, we just wank
10 alter e ragpitude of  vector - & process called. rescaling. This on be done by mulkiplyjing/dividing your
veckor by a sealar. (.¢.: doing k-0 Making the mognibude | is called nonalising, and we. do:

Unit vector = &;
EGHPTF L,=(3], give a unik veckor inthe direction of L

This hos a magnitude. of /20T =15, but e want to dranog the (engtn to 1, S0 we divide e
ecr by 5 () or it )




[3]]]- Vector Fquations of Lires fan] “ i3
VECTOR EQUATIONSI This (s similar o when we have o regulor equakion of a ing in the
{Erm9=m+c,wwwmaswslope&cde{zrmmgapos(ﬁm(wg-mw).ﬁrwdas,mdm
O i ] e
..anypomtonﬂﬂebw e WZW{S

EG.1}b Find. the veckor equabion of 0. line. passing thiough A(-,1,2) & 8(3,5,4): ;
b b, b P position vector an be found using Aer 8. So: (l)w(u)mts

V' J5The direckion vector could be. A8, BR,

o b or any, mulkiple of these. SOU&SWE

(' asaa i

>0 we. could have (= ()QU (but there are mony camect argusess here)

EG211 203> Consider the points: P-3,-1,2) & Q(5,5,6):
a)mﬂevworwpahmo&wmu,po&\ngmg\na

Lev- 2 8) or 0P, DY =08.- -0p=( (2) () Lyr= !5)+t(]
c)LI: =3+s(g].rmwkaemqebwemu&u=
Toke e duection vectors (82 Using angfe fomulo from 27, we et 6-263

PARAMETRIC EQUATIONSF Tris s on oltermate. Loy for weiting the. equakion of a Uine,, which invobes breoking
down the vecior equotion into ts x,y, ond 2 components.

e X=Xp+ A Xy
! f‘—( )+)\(Ud) then.. v= 3,+>\3¢} ‘Darometric equations’
Z=Zp+ A2
EG.3fChange r=(3:»)+t(g] ko paametnic equations:
1='+L+'F2t}
313

EG4 Find the paravetric egpotions for the. line. that posses though AGL.1,3) and. is pasallel, to the. vedtor
g‘w,nbg v=2u+3j-K:
Lweget the, vedkor m;xotim:r=(’§)+)\( ) Y= ety

2=3-\

I>Trese. are, gping to be espacially ismporkant when i cones 4o finding intersection points, ee. 2]



[310/- Vectaor kinematics ]

KINEMATICS > Winikst, these are mony real-wortdl applications of vector equations, one of the
MOIN OneS i for movervent, or kineviatics. See /5137 for More the basic teminology,
S0 the kinematic vector r=r+vt=(9‘)+t(v§) fo (5 Still a position'vector, bu, initial, position
aquations will wort. lite this: ’ ) v is the diection/ veloaity vector

F>S0 essentially, the object ‘starts at r,', then moves by one v vedtor,, eveny sec/ne.fefc.

QUESTIONS > This how to find out vanious bits of info about the movement of this objeck :

- Speed.: If moves by one. v every (second), then IV & the distance moved each (sec.) -~ speed = v

~ Position at a certain tinee: Plug in your t-value, and colculate to geb your position coordinales.

- Dist. travelled : Either find botih positions and use distance fomula, or o (t-t.):IvI, whith & dist.= time < speed
S INTERSECTIONS > This 0pplies to intersections of olL vector equations. You'l, want, to tum the. vector- egs. into
thel” parametric equations. Then, i thesy afe going to be.‘intefsecting’, then you need to ¢ e 2., and z-
Wmmwmmwwmewqmmmmwmmm
EGe 112 toy e have eqations ={5)+¢[£) art 1=}, Tove (520 i secncs ot e tvetf D n v

0) Find speed of airpane B:
lel = [P 25 0 = [lo#4+16 = [36=f ms™

b) The toy planes collide at point P. Find P:

L=5-Ut  X=bs-A _, 5-4b=Us-39 Jawe, 5=t [2),3[7) o
bzt L b = Gedb=lbsots| " t-3M (S)“‘?(&) Pl23,20,2¢)
Zp= s=7S

I These. might be combined. it colouluis b0 ask o minivise distare befuoeen cbjects. Subbuct, then minimise st

VARIABLE VELOCITYI=AS v above s Just & fumerical. vector, that means those. situotions had constant vetoalty. Here,
e now see veckors describing vaiable velocity - speed. changing over tive.

STRUCTURE > These may not necessarily follow the usual r=r+vt struckuue. Youoften e see ()= ( 28 intond

This means you Just have . function of £ to give you the x %y coordinates separately. You could be asked mary

Of tne Some types of question as above with trese.

CALCUS > You may kot from BT that v=5 and a=4f =4 The same applies here, but merely separsted into

YRS 0029 45 onv-8] ord -5

EG.2/> The position vector of . particle ak bime t (secs) is given by r=3cos(at)i+UsinGe)j, with displacement in metres,
a) Find an expression for the velocity) of te particle at time t:
Using tine cnain rule - v=-Asin(3)i+12005(30)]
b) Hence. find the speed at t=3:
Loivi= a2 =~ 115 ms”




/3 13] - Muttplcation v Vecors ]

[ e know how to Mulbiply, numibers, and. how to mulliply a. veckor by a scolar, buk whot obout
multiplying two vectors? There are . few opdons for how this could. be done, but to waus are releyort::

SCALAR PRODUCTITiis is also colled. e, dot product . Tt (s one. way of ‘mulbiplying vedtors, ond. it will be. useful
for assessing angles betiueen vectors, amongst oer things. This type of produck is colculated as follows:
FORMULAR- 1 0= 3] & b=(8), e [dB-abrobrai-1n 5

PROPERTIESl[ V-W=W-V (kv)-W=k(v-W)
— NONE IN FR.

U (V+W)=UV+ U W v-v=|v|*
£GP ind avb, f a={§) b= (3):

Q-b=(2:5)+(1x2)+(2:2)=16

0-0,=(05)# b1x-2)+(2:09)=0+2+1=3

ANGLE BETWEEN 2 VECTORSP> This s found using the following forula, o= "
(3hich can be derived using the. cosine rule: a
l+N0TFJL»}fgou\aredomgcosABC, yowll Laant to specificolly use: cosABC=Fah

> T you consider the fact that parllel vectors have an angle of 0" betueen them, and. perpendicular vectors
0re ot an ange of 90’

PARALLEL VECTORSF If . & b are paralfel, ten:
PERPENDICULAR~ If 0. & b are. perpendicular; then: [G-b =0
LTheseore both because. cos(0)=1 and cos(a0)=0

NOT IN FB.

5 1
EG.3 Find ongle belaveen a= ({) & b=(-32)-
0050 =1t AR, ~0u3a1s5.. — §=005 (0439, )~ 112

EG ! Verify thot u=10i+4j-K & W=+ bk ore perpendiculor:
Check if ww=0: ww=10x0)+(4=1)+(-1x4)=0+4-4=0

U s W are perpendicular
I hs mentioned in 817, anything involving veckor equations and. their angles rguires you to just focus in on
the direction vectors of the lines. Othenaise, all. rules above opply.



[313] continued - \fector Products

VECTOR PRODUCTI This i . second. tupe of vector mutkiplication, also called the. coss product. Unlike. the dok
produck, the result will, be a vector, specifically the vector thak is perpendicudar to both Uk v (see betow):

uxv CALCULATION/~>T0 find the coss product, there age forvulog involving makrices, bt we mainly have:
(VAVEVATA
Uxv= (mv.-u.v,)

\ 1

L5 INF.B.

EGIb Find uxv, i u-ZL—3j+k ond v=i+3j-2k:

L (=3)-2)- (1%
Wxv=(1(1)-(2)-2 14—& = 5
@(3)- (3)(1) 6+3/ \9

THEOREMP> For angles bekuoeen U=V, we have [luxvi=lullvisingl s,

GEOMETRIC PROPERTIES The asea. of a. parallelogram can be calculoted using the mognitude of the
____________ ,  Coss- productofoq)owtsnes
| : Area of

= lul Ivising  [using SOHCAHTOA]

[ArO=TUxVIL

I Using tis ule for s of @ poralielogyom, and e fack that, you can bisect & kD b triangles by dawing
0.line fom Ao B, L ggt:

LAreaofﬂmrgle,(OAsam/eh!%‘i

I Both parallelograms and triangles are seen in I8 exams.

-~ IO

COMPONENTS > Up until. tais point, e have only been concemed. with e direckion a vector is pointing, and
how that, gets Splik up ino it X%y components. 1 you consider the box in the
diogram being pushed bu a force represented. by vedtor a, buk it wil only vove in
tihe difection of b. You can see that & would be more efficient to push in b’s
dlireetion, Le. - some force is Lost, ond only . ‘component” of e force (s said 1o be ‘acting in a’s direction:

Componert = 422 =ajcast

PERPENDICULAR COMPONENTS > There are also various applications, such as in Phusics, where one might want
t know the component: of vedor a ot is acting perpendicular to vector b.

--[-6-....

[axbl _q1ei
COMP-m=—|B|—‘|a|5m9 L. NETHER IN F.8




[3 ] Intro to Groph Theary fiw]

GRAPHSI> These are ot aphs” in bre serse of the word as upwve been using ik for years, witih X % y
ax%,scauzrplots,bardwts,linegvphs,orangwgukeﬂaakﬁgmph,mmunit, is a colleckion
o vertices (or fodes), and various edges tak comeck them. This can regresent almost: any ik or comeckion
that you might find. in real Uife. or example , roads Linking touns, relabionships belseen peogle., borders
Mm,wmmwm.Them/qugszweWMVe
10 meaning at all.
EthAWWWMWWsmM

A There e six ertices : WAW, GO, 522, WR0, KRK, U2 . These fRpresest aicports.
- %msewls@ugmmnﬂgbehmﬂwt\wm&w

-\bumn{\ﬂaﬂgm‘hmwkw,buha%komo&udk&{mMLUb

o+ Youcan gp from 522 to WRO , buk onlwy via. WAW.
*LUZ looks doser to WAL Baon KRK does, bub: we con't know thak for sune from tnis gragh.

L2

D&REEPMW@QW(SWWOGQA%M&DMM.

ADJACENT VERTEX/P A vertex is at‘ijaceftbo anotner i an nge dweck\ﬁ Links them
ADTACENT EDGE > An edog. is adjacent to anotver 1 thes ok comnedk %o Bre. same. vestex.
EG2I An ok gogh: « The degree of verex ® is 3. The degree O E-is 1.

A g y  * Vertex B s odjpcent o A,C 5D,
-+ The edge DB is adjacent to BC, BA,DA,DC.
D) E “~~LOOPI-'Anngwnhstodsmdendeathamverm.

SIMPLE. GRAPHP Any ofopih wikhouk Loops, and. with ok mosk one edag. gping bekween a. pair of Vertices.
COMPLETE GRAPHP A gfogh where exeryy poir of vestices has exaddy) one. edog Linking them.
WEIGHTED GRAPHSP The two graphs Shown above. only show that certain conections exist. However,
u\e\édonohgivemgmu\formﬁmwnmak.w,mmnMammﬂvamtomedge.
This would. not only Show Bre. coneckion exisks , buk also assigns a. magnitude to eadn edag. This con be.:
bimes, distances, costs, efc. Tivelwes)p Cost@p
€G3 Here (s the Polish
fagt roph o again
it flignE tives L cogts:
wa\wsewezghts We Wil sobve. more. complex. oplems regarding) outes behoeen Cikies.

DIRECTED GRAPHSF+AS well. as weidhts of edags, there. may only be & one-sided. conneckion beseen vertices. In this
casz,mmmmm@/mmmmqw%mm,&%mmwmwnww
6RO, but not back, tren it would be shown as:




[3.14] continued

IN-DEGREEI»IEm\puaremdealingwwno directed groph, the concepe of U/\e.dcsr&of-avmexnads

refining. An in-degree is the. nubser of edaps connected to a.vertex. ek ore. direcked towards k. Nobully,

the out-degree is simply the number of edges directed away fom the vestex.

EGlapGive the in-degree of vestex A A
2 [CtohA,BWA]

bl Give the. out -degree of vestex B:

L3 [BoA,BtC,BtoE]

C

D
B €

SUBGRAPHI- A subgraph of an original. graph is o gfoph Comprised of any subsek of the vertices and the
edogs of the. oniginal, groph.
£G5S} Here are Hiree. subgraphs of the gagh fom E6.2.-

CENT NS AT

CONNECTEDA graph is said to be comected i o ouke. exists o gek from any vertex to any other vertex,
Using some combination of edaes. I there are completely distinct sections to the graph, such as in subgaph @,
then it (s discomected
(e will be able. to define. this more fomally after S16/

TREESI This is a simple. bul important concept that will keep Cropping up in Graph Theory. A grapn will be

Classified as o tree i & is connected,, and i i has no ‘aycles’ (see £38]

EG.6P Here ore tvee examples of graphs tab wowld. be classed, as trees, and. two thak Lwauldn't :

0 5
3
o v

¢ 9 § - thot closed triange ABC 1S an exauple of aycla, 50 ths (5
not a tree.

D/‘ & Hgmwn’tgetﬁm%to&,soﬂ/\is[Sr\ota:mected,soﬂus[s
C
b : X ot a tree.



@ - Adjacency Matrices & llks [am]

ADTACENCY MATRICESI> This will be a. way of representing oll of the. Crucial. information fedarding
a guph in the fom of & makrix (or table), This might be just the exdistence of connections betuween
vertices, O the. weights of those. edges, as well as their direchions,

FOR UNWEIGHTEDP For clariby, we. con skart off by Looking m"f:rm;\z :J&czmg ;:‘:h?nd
ok on adjacency table. Each w and coumn represents 9

avu‘w&,ard{he,numberu\wb\wi,mpresmhsmwmg
direct Links there are bekween conesponding vertices. fsee £64]

LOOPI-*YoushaMbeablzkoadiupamwtof\Mthedgsme
of thab vertex. .~ A logp will be counted as 2 in a makrix.

DIRECTEDF> The. previous makrices wer symmetrical, as
there are two ends to every edge. When a. graph & directed,
this i no longer the case. The vertices on the left of a table
(oo headass) refer to where the. edges are coming from.
Othenwise, it works in the save way. (See EG7]

WEIGHTEDF So, adjacency makrices con also be. used. for a

Completelyy sepomte purpose : to show) weights. Values in each cell
Suijsvm&\ewughbowudg%bemmncorrespmdugm
E

EG.3>Make gph based
on the. adjacencyy table :

TRANSITION MATRICESP One.final. concept. in this ovea. involves probability, as wels as content, from /39
obout transition matrices. Here, they are used to show probabilibies for which vertices may be travelled
to next, after reaching a certain vertex, if the choice. is random. These probobilikies wil either be given
expliciy as weights, of i net, &uubemmmmavamedgusea}muﬂukdg

EG4PMdke a transition ¢ from

ABCDEF 3
makrix for each of the — Afo 0020 003 ok%1%0
. h s  Blboo0o0O0O (b) t [wouo% i
WMWQWWE @ 010000 _s|%%0000
> "Dloooeso | o %“00000
oa El0000003 %X%0000
k00100 0%0000

'\___f\, b F




[3.15] continued Ae

¢ DEF

No. OF \-STEP WALKSP> Tf you toke the graph below, and. have o think ooout 238%8?8

4 D howfogetﬁomDh)Bb‘\jgomgalofg'Z_edses A= g??é 1;(1)
F D l

g L Le.: Wikh 2 steps, you could pobobly jusk find Jowt o1

“ 0110

DCB and DEB by inspection. Buk wat if we needed  F\O0

to find tis using the matrix instead. (from €:1)? Well,, we. would start wibh D's row wsisia, and. see. thot
we have Baee. {'s | in Clumns C,ELF. Lhok we want to Know next s whekhes C,E or F link to B. We look
in their rows now wiEE | e can see 1S in the C +E rows. b 5 No way o

This happens to be e exack same process for finding the 2 !

D8 cell in the matrix for AxA or A% So if the calculation A‘E(% )(;
and. patkem is used., then the interprebation of the result is 0 2
olso e same., Le.: Gy, or A, s belling us the number of

two-step walks from D to B. So this is 2 : DCB and DEB,
b‘l’hiswtll.beexw\dedhomgpawof&eaq].mohix,A",gwu\gwenuMberofn-sbepm.

=2

@
©010\1)x|§ [= 0401005100
1

EGSal>E-Z-Bus hos SiK stabions - s . Firstly, we need to L
: e ! o - ; ’ 1O 11
in Geony, and the direct links ¢ | woke the odj. matix p-[ 11001 1
shoun. Rofa i vsing Dresen for tais gogh ajiooe
WB =H)
g;:\i@w C:ATC‘ N Then, we use our %9 8 V138
3 RGAS A K8 A G H
mum%sb ": i A= ’;Z“:Z:"‘S
e 06 20%5
2 y We get 30, Menning there ore BUREBNY
and. get back to Dresden? RN R
Rt i 0 30 five-step walks from Dresden,

Y ffere fooye back to Dresden. (Mole« these wight o theough Dresden too)
ol gunp o b, A st g, i s s
dymfochgryn  Sessemntens (U] GHE T
Fronkfurt in ab most 3 bus bips?  3-step, then AR shows tre. 7 ppo| 18888

0. f welks o b st Bsteps: T \Beaves

TRANISITION MATRICES & STEADY STATESF- Agpin, this i reallyy covered. propertyy in /197, buk it uses plenty of the
Concepts covered above.. For example, if you square the transition matrix, you gek probabilities for where
one may end up ofter 2-sbep.ﬂ\e,sameapﬁiesbar3 exponent’ Importantyy, wibh large. powers, if e values
reach an equilibaium, ond all. columas are equal., then thak 1S the. steady slate o e makri. Tt will tell, ypu. prpartions
of how often random walks would spend. ot each vertex,, in the. long tem.

PAGERANK ALGORITHME Goagles algonthwn for ranking websites for their™ seasch results uses a version of tis. You con
Mok @ gragh showing when sike. Ukt others. A steaduy stote. makri shows the effective ‘populasiby’ of websites.



—Routes £Algorithms [ast]

ROUTES [ok an official. berw), buk here wue woil defife all. of e differert: tupes of ‘rautes’ you can take around
the edges & vertices of a guagh. Tt will mater whether you. repeak edges/vertices and where you can skastfinish.
WALK/P Likerally any route taken around . gfoph. No restrictions,

TRAILIA walk,uhere. no edges 0re repeated.  PATHIP A taalk,whese. no edges or vertices are peaked .
CIRCUITRA closed trail. ic. 0 troil. Yok Starks and. ends ok e same vestex.

CYCLERA closed path. Le.: 0 path o storts and. ends ot e save vertex.

EG1p Take the following gmphz clossify these ukes: wALK ] TR T paT T cROUT ToYCLE!
0 ACFG vV | V[V | X | X
CFEHFGCl v | V[ X | vV | X
DCBEFCE| v | V | X | X | X
8 RBEFGDAl v | V' |V | V | V/
a Gooere] v | X | x| x| X

EULERIANF~ An Eulenian cirouit is a cifeuit thak uses everyy edge. As it i @ Gircuit, femenber this mears $ak
it con't repeat: any edges, and must stast and. end ot the same vertex.

I>An Eulerian Trail is simply o tral, bt uses eveny edge exackly once.
I»Asmphi&elfisﬂxwmn¥a6wmncmutm4Agvphsm’-&wm¥m6duanuiL@m.

B
EG2b Give n Buledon dail, A (R ABCDEAFD is an Eulerian taul , usU\9 every edge,
for the following gaph: p  without repeating any

8
20p Give n Eulenian circuit A [C > ADFAEDCBA is on Eulerian circuit.
Jor the sjolowing gl gﬁ

TESTINGF> There. i5 a way of being able to tell if a graph & Eulerian, or semi. Tf you think obout an Eul. ciruit,
the route must amive at, and Leove from every vertex, ond. do ik on different edges. B vay do this mulkiple pairs of
tives ok o. certain vertex, buk it can only hoppen in pairs. Therefore:

If eveny vertex has even degree, bien the gragh i Eulenion
[-"That: reasoning apglies to Eulerian trails, except for the first vertex and losk vertex, which would have odd degree.
¥ exactly bwo vertices have odd degree, tren it is Semi-Eulerion |

EGN"DW\g tis qupn i 'E.G.%ﬂ\e Bfidgesof ok
inone single continuous line | o vertex it | KON is a farous | ‘ ’\
would be. on Eulesion trail | old deqee, | GOMpRGfanon-Bulerian | ] > “l

e goph: (Olodddeges) | AT




contirued — Mininum Spamirg Trees

TﬁEEPQ?LalL,alfee,isacommdﬁmphuw\m cuches.

SPANNING TREEF- A spanning tree can only be defined. in relation to an original. bree. Tt s o subgraph of the original
opagh, that: is @ tree,, and. uses ((spars) ol vertices The one with e Lowest totol. weight is the minimum sparning bree.

B &AM

ORIGINAL GRAPH A SPANNING SUBGRAPH, PANI v SPANNING TREE v/
N i S BUT NOT A TREE S e '

ALGORTTHASI Tn this seckion, we will see. two algorithms for finding the minimum spaning tree. of & graph. To clasfy,
olgprithms. are. specific seks of insiuctions sed to adhieve a goal, or solve @ problem., There asen't really any choices
Or Creativity invobved... This (s wiy we get computers to help us run algprithws to solwe. Complax problems within
Griogh theory frequently. for finding the minimum spanning tree., we have Prisms and. keuskal’s algonits :

PRIM'SI> A vertex- centnic. approach: KRUSKAL'SF> An edge-centric. approach:
D> Start, with any m(mwg\u«emuu -D>Pick the shortest edge. in the gpaph (if equal, pick one)
belL\tjouwmchvexw o (mm
@ Choox the next shortest edoe
@+ Link it to the nearesk vertex (if equal , pick oe)
—@»G\oose&esmtesbedee&otdoesmtcmo{ete
-@»Link bo the nearesh vertex that is connected a apcle.
to éither of the first hwo vertices, .
-@-Repeat step 3 uatil, n-1 vertices have been selected,

@ Continue. joining conected vertices to e nearest ' are. n vertices in e anaph.
unconnected vertex until ol verts. are conecked, 3wenthere e gup

EG.5P Find the minivum

spanning tree ond iks weight for
the following graph, using both
PRIM'S> Lek’s stast with A: KRUSKAL'SI> Must skart withh DE (2)
*Link to C (as AC<AB, <) *Next shortest edge is D8 (3)
- Choosing betuseen AB,CD,CE . Pick CE ~Then: AC(L), then: GF (5), then:CE(3)
+ Next:ED , then: DB, then:EG, then: GF - AB s nextc shortest, bk would make. o cyde
MSTH . F | S0 €a(10) is our final [6#) edge to crrate the MST.

Total Weight of MST=1r+8+243+10+5=32

PRINS wf ADTACENCY MATRICESF> Tt should be- noted tnak Print's algorithen s workable. even when you jusk provided. with
the. adjacency matri. You can search for the nensest: vertex by locking down cormesponding colums, then crossing rous
OF vertices baak have already been chosen. Keuiskals fom an A is much trickier, o isn't fequired.



continued — Chinese. Postman Problem
CHINESE POSTMAN PROBLEM > Tiis i the. probles of how far you would have to trovel, to leave a. vertex, traverse every
edge ot lRact once, and gek back to where vpu started.. s the. nave. sugaests, this is like trying bo figure oub e
Shortest. foute t @ pask eveny house along every road in their neighbourhood. Coviouly , this meass Breyll, want to minimise
the. number of foads they drive. down having alrendy delivered to them. The same. applies to tepeating edges on graphs,
-(D» The ideol. scerarto is i yowre able to just visit every edge exactly once.. This would simply be on Eulerian Circu.
S0 i ore. exists, then thak is Hae solubion {0 the problem
@1 ik is jusk semi-Eulenian, then you can orly complete an Eulerian Trail. This means you would have. traversed every
edge. alrendy, bub won't be back of the sbark. You then sk find tee. shortest path back bo te start & add ok on.
“@» T >2 vestices have 0dd degree, you will need bo repeat paths bekween vanious paifs of these odd vertices. So,
find the. combination of paths betuween paifs that has the shortest total, wetght. Those edges will be He ones
beirg repeated, 50 odd their weignis to the oniginal, total, weignt.
NOTEP For- relativelyy complicated graphs, you will. probably Jusk be osted. for the weignt, rather than the adual mute.
NOTE 2> Wihen you. repeat these edaps, ypu. can view ik as being eqivalent 0 adding extra edges belween those
Vestices. Doing that, would essentially moke every vertex have an even degee,, which gives us an Eul. Circult (effectively).

EG6P Find the shortest way of : starting ot C, trversing N F
every edgp ot Lenst once, and. retuming bock. bo C. aroph fom £63):
memcwEmwwmw&hodddegu.SO,
L Musk repeat the Shortest, pati between CLE. We confim et  © T E D
It is the direch edge between the. tuo (we‘g/hs). Route : CABDECDFGEC . Total weigrt=67+3=15

EG7f> The kst Orfordshire. county rubbish Colleckion
service have resiuffled., and their 3¢ districk have got
Q. new ossigrwent and mog. Naturally , they must: colleds
from every house. along every road,, betueen these
villages. Sugpest the. optimal, route ok the colleckors
should oke. to cover their districk eadh week, Starting
ond finishing at tha. ‘depot’.
Ftrst,cautﬂ\zodddggu vertices -
These are.: L\jford,:)'cb(f\), (.Homney, E. Hanney, [we'll call these LA, WLE]. (e will need to rpeak paths between
two pairs of vertices. These could be: LbW+ABE, LioE +Atol, or LioA + W0 E. BY inspeckion, we find. the sets
of shortest patrs are. 20+2.0=140, 2.8+1.2=1.0, and 03+08=1.6 respeckively. Clearty, the final opkon s the
lowest total. weidht, 5o Hose are e foads that we'll, be willing to drive along for tee second tive. Bvery other edge. wil
be used once in our solution: DCLAGEGrDBIEWALBD would work. The weight is jusk the qaph's bokal weight + the
repeated 16, 50, we mugk trovel (11+12+08+....+05)+1.6=18.0+16=19.6 miles for the whole ouke




continued — TdeLL@ Salesmian Problem

> The final bype of problem in this nit is the. Travelling Salesman Aloblem. This similar to the. Ciinese Postman,
except we are tying to devise the quickest route to visit every vertex of least once and retum to the sart.
SowHONbMobe&atmuﬂLnotseeaqdctalgan{orﬁmu\gmsoptwwam,asitdoesn'tw. Instead,
we have algorithws for finding vpper 2 lower bounds for the ttal weight of the route.

TYPESE> Tn the TSP, we call it the dlassical TSP if yu are solving it for o complefe graph (k,)- one with edges behween
aveny single. pair of vrtices, such os [ or @Y. For clossical, the solubion s the Shortest Hamilforian ucle.
Ifuhsan‘go&nerbjpeafgroph,wlsﬁ\ep!ammP,ardWumgwsd:verhmsm&ma\cetfneeded.
HAMILTONIANI> A Hamiltonian Cycle s . cucle. ok visits every vertex exactly once. T @ graph has a Ham. cugdle,
then the graph s Hamdbonan. A pabh thab visits even vertex exactly once. i a Hamibonian Path % o. groph that has one
s Semi-Homiltonion. Unlike. Eulesion, there is no easy test: find. these, 50 we have to use. inspection.

TABLE OF LEAST WEIGHTS- Lie. have. algpritiwes for the clossical, TSP, 50 we. can find a way of effectively tuming any
gaph info a complete one.. When trere isnt a direct edop between buo vestices, we. consider the shortest path betoeen
each pair of vertices, Thesepo%almostmwxeplaceofedges
EG3P The gaph shows a map of six
towns, where a bank opemtes, and the
roadsbeb»eer\&\em.weigabamdmﬂns

times (wins). Complete the table of leost weighis:
AtoB: via F is best, 11+14=25. AWE, via F, 14+12=76. CtthsdmnglG
NEAREST NEIGHBOUR ALG.[> For upper bounds DELETED VERTEX ALG./ For Lower bounds

D> Complele. the table. of least weights if needed. D> (hoose a vertex, delete’ if, as well as all ifs edges.
@ Sart ak. some vertex (the 18 should eIl you whidh) | K@~ Find the. minimum spaning tree of the. emaining graph.

@) Aluways Move to the next nearzst vertex that H@»The lower bound i equal, bo the weight of the MST plus
doesnt, complete a cuydle. the boo lowest deleted edge. Leights.
@ lhen all, vertices have been selected, take. the -® Starting again with anoer vertex could faise the L.B..

shortest patin back to the. start. This is 0 U.B..

EGAJ>The bank manager wanls o inspect the brandhes in e five ather touwns in the region, then relum back. to Bre
headquarters, in town B. Find a lower & upper bound for- their inspection mute.

LNEAREST NEIGHBOUR ALG.F> T DELETED VERTEX AlLG./>

- Stort ok 8, goto F (1), 4o to D{{0), thea E (12). -Delete B, and edges AB, FB,C8:
« Next would be A, via F, which we know from the “Find MST withh kruskal's:

Lainion Lpick Foiso), Fe(2), i), D06, Total=52
- Then C, via F&C (0).

-Snortest bup deleted. edgps: 11 %20,
« Then we Qo back to B (20),

- Lower bound = 52411420 =83 mins | {hr 23m.
+ So the. upper bound is 11qmins | the5%m,

I To dlify those findings: an optivol. oute. does exist, and s someuhere. bekoeen 1 23m ond theSm.




